THE GROWTH RATE OF SYMPLECTIC HOMOLOGY 
AND AFFINE VARIETIES 



MARK MCLEAN 



Abstract. We will show that the cotangent bundle of a manifold whose 
free loopspace homology grows exponentially is not symplectomorphic 
to any smooth affine variety. We will also show that the unit cotan- 
gent bundle of such a manifold is not Stein tillable by a Stein domain 
whose completion is symplectomorphic to a smooth affine variety. For 
instance, these results hold for end connect sums of simply connected 
manifolds whose cohomology with coefficients in some field has at least 
two generators. We use an invariant called the growth rate of symplectic 
homology to prove this result. 
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1. Introduction 

The aim of this paper is to use an invariant called the growth rate of sym- 
plectic homology to construct many examples of cotangent bundles which 
are not symplectomorphic to any smooth affine variety. We also have a con- 
tact analogue of this result which says that if we take the unit cotangent 
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bundle of one of these manifolds then it is not Stein finable by a Stein do- 
main whose completion is symplectomorphic smooth affine variety. All of 
our manifolds are assumed to be oriented unless explicitly stated otherwise. 

If we have some Liouville domain M (defined in Section 2.1) and a class 
b 6 H 2 (M, Z/2Z), then the growth rate of symplectic homology is an invari- 
ant r(M, b) G {— oo}U [0, oo). This invariant was originally defined in [Sci08, 
Section 4]. Every Liouville domain also has a completion M, and the growth 
rate is in fact an invariant of the completion M up to symplectomorphisms 
preserving the class b and so we will often write T(M, b). 

A smooth affine variety A has a symplectic structure obtained by embed- 
ding it into algebraically and then pulling back the standard symplectic 
form onto A. It turns out that this is symplectomorphic to the completion 
of some Liouville domain A obtained from taking a large closed ball in 
and intersecting it with A. Because the symplectic form is a biholomorphic 
invariant of A, we can assign the invariant T(A, b) = T(A, b) (see [EG91J). 

We say that a contact manifold C is algebraically Stein fillable if it is Stein 
tillable by a Stein domain D whose completion D is symplectomorphic to 
a smooth affine variety A. For a smooth affine variety A we also have a 
finite invariant tua £ N>o defined as follows: choose a compactification X 
of A by a smooth normal crossing divisor (i.e. X \ A is a union of smooth 
transversely intersecting connected complex hypersurfaces Si, i = 1, ■ ■ ■ ,k). 
For / C {1, • • • , k} we write S[ := H^iSi. Let d := max{n — dimc(S , /)|S'/ / 
0} where n = dime A We define tua to be the minimum of d over all 
compactifications described above. 

The main result of this paper is: 

Theorem 1.1. T(A, b) < tua for any class b £ H 2 (A,7j/27*). In particular 
F(A,b) < oo. 

In fact we will prove a more general theorem: 

Theorem 1.2. Suppose that the boundary of a Liouville domain M is alge- 
braically Stein fillable by A, then T(M,b) < tua for any b E H 2 (M, Z/2Z). 

This theorem will be proven in Section |6j These theorems have been 
proven in [Sei08[ Section 4] when A has complex dimension 2. Let Q be a 
compact manifold. Choose some metric on Q and let L q Q be the space of 
all free loops on Q of length less than or equal to q, and let LQ be the space 
of all free loops on Q. Let K be any field and let a K (q) be the rank of the 
image of the inclusion map 

H4L q (Q),K) ^ tf*(£(Q),K). 

The manifold Q is said to have exponential growth if for some K, the function 
a K (q) grows faster than any polynomial (we mean here that for any poly- 
nomial p(q), a K (q) > p(q) for q large enough). If the manifold Q has finite 
fundamental group, then this definition of exponential growth is the same 
as saying that bi(£>(Q),^-) grows faster than any polynomial in k for 
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some K by |Gro78j . There are many examples of manifolds with exponential 
growth. Here are some: 

(1) Any surface of genus 2 or higher. 

(2) The end connect sum of two simply connected manifolds M\f^M2 
where H*(Mi,¥L) has at least two generators and i?*(M2,K) has 
rank at least 3 (Sec [LamOl]). 

(3) Any manifold Q whose fundamental group is the free product of at 



least 3 non-trivial groups (See Lemma 4.20 and Lemma 4.21). 

Conjecturally (see [VP84J) there should be many more manifolds with 
exponential growth such as simply connected manifolds whose Betti numbers 
are greater than that of the torus. Given any Riemannian manifold Q, we 
can construct a symplectic manifold T*Q where locally the symplectic form 
is Y2i dqiAdpi where % are the position coordinates and pi are the momentum 
coordinates. We also have a Liouville domain D*Q which is the manifold 
with boundary consisting of covectors of length less than or equal to 1. Its 
boundary is the contact manifold denoted by S*Q consisting of covectors of 
length 1 and the contact form here is ^^Pidqi. 

By using work from [SW06, Corollary 1.2] (although we could have used 
ideas from AS06J or [Vit96]), it can be shown that T(T*Q, U2) = 00 when Q 
has exponential growth and U2 is the pullback of the second Stiefel- Whitney 
class of Q. Hence we have the following corollary of Theorem |1,1[ 

Corollary 1.3. If Q has exponential growth then T*Q is not symplectomor- 
phic to any smooth affine variety. 

This is because T(T*Q,co2) = 00 and r(^4,6) < 00 for any smooth affine 
variety A and any b G H 2 (A, Z/2Z). We also have the following corollary of 
Theorem 11.21 



Corollary 1.4. The unit cotangent bundle of Q is not algebraically Stein 
fillable. 

If we wish to consider unoriented manifolds Q then we need to do the fol- 
lowing: A contact manifold C is said to be covered algebraically Stein fillable 
if there is a Stein filling M of C whose completion M is symplectomorphic 
to a finite cover of a smooth affine variety. 

Theorem 1.5. Suppose the boundary of a Liouville domain M is covered 
algebraically Stein fillable by a smooth affine variety A, then T(M,b) < tua 
for any b € H 2 (M,Z/2Z). 

We will prove this theorem in Section [7j We then immediately get the 
following corollaries: 

Corollary 1.6. If Q is a compact manifold of exponential growth which 
is possibly unoriented such that some finite cover is oriented and is has 
exponential growth then T*Q is not symplectomorphic to any smooth affine 
variety. 
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This corollary is true for the following reason: If T*Q is symplectomorphic 
to some smooth affine variety A then for every oriented finite cover Q of Q, 
T*Q is symplectomorphic to some finite cover of A. Hence by the above 
theorem we have that T(T*Q,uj2) < oo which means that Q is cannot have 
exponential growth. 

Similar reasoning also gives us the following corollary: 

Corollary 1.7. The unit cotangent bundle of any (possibly unoriented) Q 
of exponential growth with dimension > 2 is not covered algebraically Stein 
fillable. In particular the unit cotangent bundle of any such Q is not alge- 
braically Stein fillable. 

The reason why we need dimension > 2 is that if we have some algebraic 
Stein filling C of S*Q then we require that tt\{Q) = -K\(S*Q) = %i{C) so that 
we can take an appropriate cover of C. In future work the author hopes to 
prove a based loopspace version of the above theorems using wrapped Floer 
homology. This will enlarge the class of manifolds whose cotangent bundle 
is not symplectomorphic to a smooth affine variety. For instance this would 
be true if their Betti numbers are greater than that of the torus. 

There is a similar conjecture relating smooth affine varieties with cotan- 
gent bundles which we will now describe. Suppose that U is a real affine 
algebraic variety over R which is diffeomorphic to our manifold Q. We will 
suppose that Q is simply connected. We say that Q has a good complex- 
ification if there exists a U as described above such that the natural map 
U (M) — > U(C) is a homotopy equivalence. There is a question in |Tot03] 
which asks if Q has a Riemannian metric of non-negative sectional curvature 
when Q has a good complexification. There is also a conjecture attributed 
to Bott which conjectures that any simply connected manifold with non- 
negative sectional curvature is rationally elliptic. Rationally elliptic means 
that dim7r*((3) ® Q < oo (see [FHT82| ) . This conjecture is mentioned in 
[FHT011 Question 12, page 519]. Felix and Thomas in |FT82j proved that 
if a simply connected manifold is rationally elliptic then the growth rate of 
the Betti numbers of its based loopspace grows sub exponentially. Vigue- 
Poirrier in |VP84} Page 415] conjectured that the growth rate of the Betti 
numbers of the based loopspace grow exponentially if and only if the same 
thing is true for the free loopspace. If we look at all of these statements then 
we get the following question: Suppose Q is simply connected of exponential 
growth, then is it true that Q does not admit a good complexification? This 
question has some similarities with Corollary 1.3 because we can choose a 
symplectic form on U(C) such that a neighbourhood of U(M) is symplec- 
tomorphic to a neighbourhood of the zero section of T*Q and also because 
both T*Q and U(C) deformation retract onto Q. 



We will now give a brief sketch of the proof of Theorem 1.2. Symplectic 



homology of M is the homology of a chain complex having the following 
generators: 

(1) Critical points of some Morse function on M. 
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(2) Two copies of each closed Reeb orbit of dM. 

This chain complex has a natural filtration by M>o called the action. Critical 
points have action and the action of each Reeb orbit is its length. Hence 
we can define SH^ X (M) for each A as the homology of the subcomplex of 
orbits of action < A. The growth rate is the rate at which 

rank im(SH^ x (M) -> lu^SHf(M)) 

i 

grows with respect to A. For instance if the rank is bounded above by some 
polynomial of degree k then the growth rate is less than or equal to k. It 
turns out that our smooth affine variety A is symplectomorphic to M for 
some M. We need to provide an upper bound for the growth rate of M. 
One way of doing this is to show that the number of Reeb orbits of length 
< A is bounded above by some polynomial of degree at most uia- This is the 



method used in [Sci08, Section 4] when Theorem 1.2 is proven in complex 
dimension 2. This upper bound is achieved by compactifying A by a smooth 
normal crossing divisor and carefully constructing a Liouville domain using 
this divisor. The problem is that this upper bound is much harder to achieve 
in higher dimensions. In this paper we define growth rate in a slightly more 
flexible way so that it is easier to provide such an upper bound. 

We have some Hamiltonian H > and an almost complex structure J 
called a growth rate admissible pair which satisfies certain technical prop- 
erties. From this pair (H, J) we can define a series of homology groups 

_LL 

SH*(\H, J) generated by 1-periodic orbits of XH. For Ai < A2 there is a 
natural map 

SH*(X 1 H, J) SH*(\ 2 H, J). 
We prove that the growth rate of 

rank im{SH*{XH, J) -»• limSH#(lH, J)) 

1 



is equal to the original definition of growth rate (Section 4.1). Finally we 
carefully construct a Hamiltonian H so that there is a degree uia poly- 
nomial bound on the number of 1-periodic orbits of a very small pertur- 
bation of XH and this gives us an upper bound on the growth rate (Sec- 
tion [6]) . We construct this Hamiltonian by first compactifying our smooth 
affine variety A with a smooth normal crossing divisor D. We deform D 
without changing the symplectic structure on its complement A so that 
there is a nice symplectic structure near D (Section [5J. We can con- 
struct H so that around some point p G D we have that D looks like 
{xi = 0,--- ,x k = 0,yi = 0, ••• ,y k = 0} where x\,--- ,x n ,yi,--- ,y n is 
some nice coordinate chart around p and H is a product Hamiltonian. The 
symplectic structure is not quite the standard one on this chart but the 
Hamiltonian flow of H is exactly the same as the Hamiltonian flow with 
respect to the standard symplectic structure. This enables us to find all the 
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1-periodic orbits of H and give a bound proportional to X k < X mA in each 
chart. Hence we get an upper bound of tua- 

Acknowledgements: I would like to thank Mohammed Abouzaid, Diet- 
mar Salamon, Burt Totaro, Paul Seidel and Ivan Smith for extremely useful 
comments. In addition, the author is grateful to the referee for many valu- 
able comments and suggestions. The author was partially supported by NSF 
grant DMS- 1005365. 

2. Main definitions and properties 

2.1. Liouville domains. A Liouville domain is a compact manifold N with 
boundary and a 1-form 9n satisfying: 

(1) u n '■= d9 n \s & symplectic form. 

(2) The WAT-dual of On is transverse to dN and pointing outwards. 

We will write Xg N for the w^-dual of On- Sometimes we have manifolds 
with corners with 1-forms 9 satisfying the same properties as above. We 
view these as Liouville domains by smoothing the corners slightly. By flow- 
ing dN backwards along Xg N we have a small collar neighbourhood of dN 
diffeomorphic to (0, 1] x dN with On = r^a^- Here parameterizes (0, 1] 
and ctjy is the contact form on the boundary given by 0n\bn- The comple- 
tion N is obtained by gluing [l,oo) x dN to this collar neighbourhood and 
extending 9n by r^oiN- 

The Liouville domains that we will be studying are called Stein domains. 
A Stein manifold is a complex manifold that can be properly embedded in 
C . An equivalent definition of a Stein manifold is a complex manifold 
admitting an exhausting plurisubharmonic function. A function is exhaust- 
ing if it is bounded from below and the preimage of every compact set is 
compact. A function / : S — > M is plurisubharmonic if (—dd c f)(X, JX) > 
for all non-zero vectors X where d c := do J and J is the complex structure 
on the complex manifold S. This implies that uif := —dd c f is a symplectic 
form. If c is a regular value of an exhausting plurisubharmonic function / 
then oo,c] is a Liouville domain with Liouville form —d c f. We call 

such a domain a Stein domain. A Stein manifold is of finite type if it admits 
an exhausting plurisubharmonic function with only finitely many singulari- 
ties. A plurisubharmonic function / is said to be complete if the w/-dual of 
— d c f is integrable. Every finite type Stein manifold admits an exhausting 
plurisubharmonic function which is complete. Also any two such functions 
on S give symplectomorphic Stein manifolds. Hence the symplectic form is 
a biholomorphic invariant. We will write us for this symplectic form. If / 
is finite type then it turns out for C 3> that (S,u)g) is symplectomorphic 
to the completion of oo, C]. One way of obtaining such a symplectic 

form is embedding S as a closed proper holomorphic embedding into C N 
and then pulling back the standard symplectic form uj st d on C N . Important 
examples of finite type Stein manifolds A are smooth affine varieties (see 
|Sei08^ Section 4b] ) . In fact from [Sci08 s Section 4b] we have for any smooth 
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affine variety A, a Liouville domain A which unique up to isotopy through 

Liouville domains such that A is symplectomorphic to A. Uniqueness here 
means that if B is isomorphic as a variety to A then A is isotopic to B. 
From now on throughout this paper if we have a smooth affine variety A 
we will write A for such a Liouville domain. We will call any such Liouville 
domain an algebraic Stein domain. Here is a direct way of constructing this 
Liouville domain: Choose any algebraic embedding i of A into (so it is 
a closed subvariety). Let (rj,i9j) be polar coordinates for the i'th factor in 

C*. Let R := £. r \. We have 9 A ■= ~d c R = £i ftM;. We have that d9 A 
is equal to the standard symplectic structure on C N . By abuse of notation 
we write 9 a for l*9a, and oja '■= o19a- 

Lemma 2.1. There is a C > such that for all c > C,((i?|yi) _1 (— oo, c], 9a) 
is a Liouville domain whose completion is symplectomorphic to (A,u A )- 



Proof, of Lemma 2.1 We will first show that for some C > 0, R\a has no 
singularities when R\a > C. Compactify C N to F N and let X be the projec- 
tive subvariety which is the closure of A in P N . Let H be the hypersurface 
X \ A. We have a line bundle O(l) described as follows: If we think of a 
point on P N as a line A in C N+1 then the fiber at this point is the quotient 
(C Ar+1 )* /V where V is the vector subspace of linear 1-forms whose kernel 
contains A. The hyperplane H is represented by some linear hyperplane H 
in C N+1 and so we have a section s given by a non-zero linear 1-form whose 
kernel is H. This section vanishes on H with order 1. 

Another way of describing the fiber of this bundle over the point rep- 
resented by the line A is as the space of linear 1-forms W\ which vanish 
in the hyperplane orthogonal to A. We can put a metric || • || on W\ in- 
duced by the standard metric on (C^ 1 )* hence we view || • || as a metric 
on 0{1). The curvature form is a positive (1,1) form and this gives us a 
symplectic form on P N . We have an action of U(N + 1) on P N induced by 
the standard action on C^ +1 . This action also naturally lifts to an action 
on the total space of 0(1). The metric || • || is invariant under the action of 
U(N + 1). We can ensure that U(N) C U{N + 1) is the subgroup which 
sends H to H. This subgroup also fixes our section s so u* \\s\\ = \\s\\ for each 
u £ U(N). Hence ||s|| must be a function of R. If it wasn't then there exists 
two elements a,b £ C N of the same modulus such that ||s||(a) 7^ ||s||(fr) but 
this is impossible as there is a u £ U(N) such that u(a) = b which implies 
that || s || (a.) = n*(||s||)(6) = ||s||(6). The function — log ||s|| |a is a plurisub- 
harmonic function on A. It is also equal to f{R\A) for some function /. 
We will first show that —log \\s\\\a has no singularities near infinity. If D 
was a smooth normal crossing divisor then |Sei08| Section 4b] tells us that 
cflog||s|m is non-zero near infinity. But the problem is that D could be 
anything. So by the Hironaka resolution of singularities [Hir64j we blow up 
X away from A to X where X is smooth and the pullback D is a smooth 
normal crossing divisor. Let L be the pullback of 0(1) and s the pullback 
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of s. We can also pull back the metric |.| to L. To show that dlog||s|| is 
non-zero we just show that dlog \ \s\\ is non-zero in exactly the same way as 
in Lemma [Sei08, Section 4b]: Let p £ D and choose local holomorphic coor- 
dinates Z\, ■ ■ ■ ,z n and a trivialization of L around p so that s = z™ 1 ■ ■ ■ z™" 
(wi > 0). The metric |.| on L is equal to e^|.| for some function ip with 
respect to this trivialization where |.| is the standard metric on C. So 



If we take the vector field Y := — z\d Zl ■ ■ ■ — z n d Zn , then dlog (|zj|)(y) = — 1 
and Y.ip tends to zero. Hence dlog ||s|| is non-zero near infinity which implies 
that f(R) = — log 1 1 s 1 1 has no singularities near infinity. Because f(R) and 
R are both exhausting, we get that /' > near infinity which implies that 
R\a has no singularities in the region R> C for some C > 0. 

Because A is a holomorphic submanifold of C^, we have that loa is a 
symplectic form. Let c > C and write A c := (i?| J 4) _1 (— oo, c]. We have 
that A c is a Liouville domain because if Xq a is the u^-dual of 9a then it 
is equal to the gradient of R\a and hence is transverse to dA c and pointing 
outwards because c is a regular value of R\a and /'(c) > 0. Also we have that 
the w^-dual Xg A of 6a is an integrable vector field because cI(R\a)(Xo a ) < 

dR(Yl if 3f)U = an d hence if $ 4 ° A is the flow of this vector field then 

{R\A){^t A ( x )) increases at a rate of at most e R \A- This first inequality is 
true because Xq a is the orthogonal projection of ^ ^ ^ onto TA so its 
length / decreases, but R(%2i ^w^) = su P\v\<iR(V)- flowing dA c along 
Xq a we get that A \ A c is diffeomorphic to [1, oo) x dA c and 6a = rACtA c 
where ta parameterizes [l,oo) (this is because d(R\A)(Xg A ) > for R\a > 
C). Hence A is symplectomorphic to A c . □ 
A contact manifold C is said to be Stein fillable if it is contactomorphic 
to the boundary of some Stein domain. It is said to be algebraically Stein 
fillable if the completion of this Stein domain is symplectomorphic to A. 

2.2. Symplectic homology. Let JV be a Liouville domain with c\ = 0. 
We make some additional choices r\ := (r,b) for N. The element r is a 
choice of trivialization of the canonical bundle of N up to homotopy and 
b is an element of H 2 (N, Z/2Z). We will assume that dN has discrete 
period spectrum 7^ (the set of lengths of Reeb orbits of the (dN 1 , a^'))- 
For each pair of numbers a < b where a,b £ [—00,00] we will define a 
symplectic homology group SH!; a ' b \N,7]) which is an invariant of (N,8n) 
up to exact symplectomorphism (although we suppress 9n in the notation 
unless the context is unclear). Here an exact symplectomorphism between 
two Liouville domains and N' is a smooth diffeomorphism <3? from N to 
N' such that &*9ni = On + df for some smooth function / : N — > M. 

A family of Hamiltonians H : S 1 x N — > R is said to be admissible if 
H(t,x) = Ar^r(x) near infinity where is the cylindrical coordinate of N 
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and A is some positive constant. Here A is some positive constant which 
is not in the period spectrum of dN. We also require that Ht\N < 0. 
We sometimes view H as a time dependent Hamiltonians Hi : N — >■ E 
where t £ S . We have an S 1 family of vector fields Xjj t and it has an 
associated flow &x H ( a family of symplectomorphisms parameterized by 

iGl satisfying §i&x H = ^H t where we identify S 1 = E/Z). A 1-periodic 
orbit o : S 1 -)■ N is a map which satisfies o(t) = *&x H ( x ) ^ or some x ^ N. 
We say that o is non-degenerate if -D$ \ : A — > T X A has no eigenvalue 
equal to 1. By [DS94], we can perturb H by a C°° small amount so that all 
of its 1-periodic orbits are non-degenerate. The problem here is that this 
Hamiltonian may not be admissible after perturbing it, so we need a lemma: 

Lemma 2.2. Let H : S 1 x A ->• E w/iere A is a symplectic manifold. Let 
U be a small neighbourhood of some of the 1-periodic orbits of H such that 
no 1-periodic orbits intersect the boundary dU. Then we can perturb H 
by a C°° small amount to H such that all the 1-periodic orbits of H are 
non- degenerate inside U and H = H outside U . 



Proof, of Lemma 2.2 We can choose U small enough so that the time 1 
flow of Xn t is well defined. Let U' be a smaller open neighbourhood of 
the 1-periodic orbits whose closure is contained in U. By slightly extending 
the work of [DS94], we can find for any positive function / : N — > E, a 
Hamiltonian Hf such that \\Hf — H \\c°^ < f and such that all the 1-periodic 
orbits of Hf are non-degenerate. Let R be an open neighbourhood of dU' 
inside U where H has no 1-periodic orbits which intersect the closure of R. 
Choose a bump function function p : N — > E which is on a neighbourhood 
of U' \ R and 1 on a neighbourhood of N \ U'. Let H f := pH + (1 - 
p)Hf. Suppose for a contradiction that for every / sufficiently small, there 
exists a 1-periodic orbit of Hf inside U which is degenerate. This orbit 
must intersect R because all orbits of Hf are non-degenerate away from 
R. Then by a compactness argument, we have a sequence of such orbits 
converging to a 1-periodic orbit of H which intersects the closure of R. 
This is impossible. Hence we have for any / arbitrarily small, there is a 
Hamiltonian Hf satisfying \\H f — H\\c^ < f such that all of its orbits inside 
U are non-degenerate and Hf = H outside U. □ 
Because we have a trivialization r of the canonical bundle of N, this gives 
us a canonical trivialization of the symplectic bundle TN restricted to an 
orbit o. Using this trivialization, we can define an index of o called the 
Robbin-Salamon index (This is equal to the Conley-Zehnder index taken 
with negative sign). We will write i(o) for the index of this orbit o. For a 
1-periodic orbit o we define the action Ah(o): 



A H (o) :=- f H(t, 7 (t))dt- [ 9 N . 

JO Jo 
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Choose a coefficient field K. Let 

CF*(H,J, V ) :=0K(o) 

o 

where we sum over 1-periodic orbits o of H satisfying Ajj(o) < d whose 
Robbin-Salamon index is k. We write 

Cif ' d] (H, J, r,) : = CF£(H, J, V )/CF£(H, J, rj). 

We need to define a differential for the chain complex CF^(H, J, rj) such that 
the natural inclusion maps CF]:(H, J, i]) CF[t(H, J, rj) for c < d are chain 
maps. This makes CF^' d \H, J,rj) into a chain complex as well. In order to 
define this we choose an S 1 family of almost complex structures Jt compatible 
with the symplectic form. We assume that Jt is convex with respect to this 
cylindrical end outside some large compact set (i.e. 9 o J t = dr). We also 
say that Jt is admissible. 

We will now describe the differential 

d : CF*(H, J, rj) -> CF^iH, J, rj). 

We consider curves u : I x §' — > N satisfying the perturbed Cauchy- 
Riemann equations: 

d s u + Jt(u(s,t))d t u = V 9t H 

where V 9t is the gradient associated to the S 1 family of metrics gt := 
w ('> Jt('))- Fo r two periodic orbits o_,o + let U(o-,o+) denote the set of 
all curves u satisfying the Cauchy-Riemann equations such that u(s, •) con- 
verges to x± as s — > ±00. This has a natural M action given by translation in 
the s coordinate. Let U(o-, o + ) be equal to U(o-, o + )/M. For a C°° generic 
admissible complex structure we have that t/(o_,o+) is an i c '(o-,o+) — 1 
dimensional oriented manifold (see |FHS95j ). There is a maximum principle 
which ensures that all elements of U(o-,o+) stay inside a compact set K 



(sec [Oan04, Lemma 1.5], |AS10| Lemma 7.2] or Corollary 9.3). Hence we 
can use a compactness theorem (see for instance |BEH + 03| ) which ensures 
that if i(o_) — i(o + ) = 1, then £7(o_,o + ) is a compact zero dimensional 
manifold. The class b £ H 2 (N, Z/2Z) enables us to orient this manifold (see 
[AbolOl Section 3.1]). Let #U(x-,x + ) denote the number of positively ori- 
ented points of U(x-, x+) minus the number of negatively oriented points. 
Then we have a differential: 

8 : CF£{H, J, 77) — ► CFt^H, J, V ) 

d(o.):= Yl #U(o_,o + ){o + ) 
Hp-)— i(o+)=l 

By analyzing the structure of 1-dimensional moduli spaces, one shows d 2 = 
and defines SH*(H, J,rj) as the homology of the above chain complex. As 
a IK vector space CFi(H, J, rj) is independent of J and b, but its boundary 
operator does depend on J. The homology group SH^(H, J, 77) depends on 
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H and 77 but is independent of J up to canonical isomorphism. We define 
SH^' d ^ (H, J, rj) as the homology of the chain complex 

CF^(H,J,rj)/CF^H,J,r,). 

If we have two non-degenerate admissible Hamiltonians H\ < H 2 and two 
admissible almost complex structures J±, J 2 , then there is a natural map: 

SH { , aM {H X , Ji, 77) — > SH^ (H 2 , J 2 ,rj) 

This map is called a continuation map. This map is defined from a map 
C on the chain level as follows: 

C : CF*{H X , J llV ) — ► CF fc d (tf 2 , J 2 , 77) 

9(o-) := £ #^(*-, *+)<"+) 
i(o_)=i(o_)) 

where P(o_, 0+) is a compact oriented zero dimensional manifold of solutions 
of the following equations: Let X s be a smooth non-decreasing family of 
admissible Hamiltonians equal to Hi for s < and H 2 for s>0 and J s a 
smooth family of admissible almost complex structures joining J\ and J 2 . 
The set P(o_ , 0+) is the set of solutions to the parameterized Floer equations 

d s u + J a>t (u(a, t))d t u = V 9t K s<t 

such that u(s, •) converges to x± as s — )• ±00. For a C°° generic family 
(K S ,J S ) this is a compact zero dimensional manifold (if o_,o + have the 
same relative index with respect to the cylinder C joining them). Again the 
class b E H 2 (N, Z/2Z) enables us to orient this manifold. If we have another 
such non-decreasing family admissible Hamiltonians joining Hi and H 2 and 
another smooth family of admissible almost complex structures joining J\ 
and J 2 , then the continuation map induced by this second family is the same 
as the map induced by (K s , J s ). The composition of two continuation maps 
is a continuation map. If we take the direct limit of all these maps with 
respect to admissible Hamiltonians H ordered by < such that H\n < 0, 
then we get our symplectic homology groups SHi a ' b] (N,rj). We will write 
SH*(N,7]) or SH*(H,J,r]) for SH 1 ^ (N, 77) or SH 1 ^ (H, J, 77). 

Also we will write SH* instead of SHi 00 ' 00 ). if we wish to stress which 
coefficient field we are using, we will write SHT{M, rj, K) or SH?{H, J, 77, K) 
if the field is K for instance. We will also define SH^- (M, 77, K) to be the 
group SH^°°' b] (M,7],K). 

We will dealing with other pairs (H, J) that are not necessarily admissi- 
ble. The definition of symplectic homology SH^ ,b \H, J, 77) is still the same, 
although (H, J) has to satisfy some conditions to ensure that we have a well 
defi ned symplectic homology group. This will be discussed later in Section 



4.1 



From now on instead of writing SHi a ' b ^ (H, J, 77) we will suppress the 
term 77 and just write SHi a ' b ^ (H, J) instead when the context is clear. Also 
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from now on whenever we have a Liouville domain or symplectic manifold 
then we will assume that we have chosen such a pair n = (r, b) . 

2.3. Growth rates. In order to define growth rates, we will need some 
linear algebra first. Let (Vx) x &[i,oo) De a family of vector spaces indexed by 
[1, 00). For each x± < X2 we will assume that there is a homomorphism 4> Xl ,x 2 
from V Xl to V X2 with the property that for all x\ < x<i < x$, 4> X2)X3 °4> Xl ,x 2 = 
(j>xi,x 3 and <fixi,xi = id- We call such a family of vector spaces a filtered 
directed system. Because these vector spaces form a directed system, we can 
take the direct limit V := lim^ V x . From now on we will assume that each 
V x is finite dimensional. For each x € [1, 00) there is a natural map: 

q x : V x -> lim K. 

x 

Let a : [1, 00) — > [0, 00) be a function such that a(x) is the rank of the image 
of the above map q x . We define the growth rate as: 

T((V X )) := lim" g {_oo} U [0, 00]. 

x lOgX 

If a(x) is then we just define loga(x) as —00. If a{x) was some polynomial 
of degree n with positive leading coefficient, then the growth rate would be 
equal to n. If a(x) was an exponential function with positive exponent, then 
the growth rate is 00. The good thing about growth rate is that if we had 
some additional vector spaces (V^.) xe \x j00 -\ such that the associated function 
a'(x) := rank(V^ — > lirn ^ V£) satisfies a'(x) = Aa(Bx) for some constants 
A, B > then T(V^) = T(V X ). The notation we use for filtered directed 
systems is usually of the form (V x ) or (T4), and we will usually write V x 
without brackets if we mean the vector space indexed by x. 

In the previous section we defined for a Liouville domain iV (whose bound- 
ary had discrete period spectrum), SH^ X (N). For Ai < A2, there is a natu- 
ral map given by inclusion of the respective chain 
complexes. This is a filtered directed system (SH^f (N)) whose direct limit 
is SH*(N). 

Definition 2.3. We define the growth rate T(N,b) as: 

T(N,b) :=T(SH^ x (N,b)) 

We also have the following Theorem: 

Theorem 2.4. Let N±, N2 be two Liouville domains such that Ni is symplec- 
tomorphic to N2 where the symplectomorphism pulls backb2 £ H 2 (N2, Z/2Z) 
to b\ G H 2 (Ni, Z/2Z) and T2 to T\ where T2 and T\ are trivializations of the 
canonical bundle. Then T(N\, (ti,&i)) = T(N2, (t2,&2))- 

This theorem will be proven in Section |4.1| Hence we will just write 
T(N,d0N,(T,b)) for the growth rate of (N,6^). We will sometimes just 
write r(iV) if the context makes it clear that d9^ is our symplectic form 
and (r, b) is our associated trivialization and homology class. 
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3. Growth rate linear algebra 



Recall that a filtered directed system is a family of vector spaces (V x ) 
parameterized by [1, oo) forming a category where for x\ < X2 there is a 
unique homomorphism from V Xl to V X2 and no other morphisms anywhere 
else. For technical reasons we will define V x to be zero for x < 1 and so all 
the morphisms starting with one of these vector spaces is also 0. A morphism 
of filtered directed systems 4> : (V x ) — > (V x ) consists of some constant 
and a sequence of maps 

a x : V x -»• V^ x 
so that we have the following commutative diagram: 



V, 



>-X\ 



XI 



X'2 



>'x:i 



X3 



for all aq < X2 < where the vertical arrows come from the directed 
system. 

Let V'xi,x2 be the natural map from V Xl to V X2 in this filtered directed 
system for x\ < X2- For each constant C > 0, we have an morphism Cy 
from (V x ) to (V x ) given by the map tp x ,cx- We say that (V x ) and (V x ) 
are isomorphic if there is a morphism (f> from (V x ) to (V x ) and another 
morphism <fi' from (V x ) to (V x ) such that <f>' o <p = Cy and <p o <p' = C'y, 
where C, C" > are constants and Cy ■ {V x ) ->■ Cy, : (V^) ->■ (V x ) are 
the morphisms described above. One of the aims of this paper is to assign 
for each completion M of a Liouville domain M, a filtered directed system 
which unique up to isomorphism. From this we can define growth rate. In 
order for growth rate to be well defined, we need to show: 

Lemma 3.1. Let (V x ), (V x ) be two isomorphic filtered directed systems, then 
T(V X ) = V{V X \). 



Proof. Let (f> x : V x — > Vq^ x and <p x : V x — > Vc^x be our isomorphisms. 
We have a morphism from lim ^ V x to lim ^ V x induced from (f> and an inverse 
induced from <j>'. This is because the morphism induced by Cy is the identity 
map on liin V x and similarly C'y, induces the identity map. We will write 
<j) and (f>' for such maps by abuse of notation. Let a x : V x — > hin V x and 
a' x : V x — > lim^ V x . Because <f> is an isomorphism on lim^ V x , we have that the 
rank of the image of 4> ° Q-x is equal to the rank of the image of a x . We have 
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that a'c^x ° 4>x = (f> ° CLx which implies that rank im(a' c x) > rank im(a x ). 
Similarly rank im (ac,, x ) > rank im(o^,) for all x G [1, oo). Hence: 

, — log rank im(a x ) , — lo S rank im ( a c d J , — lo § rank im ( a LJ 

hm < lim — = lim — — — = 

x logx x logx x logC^x 

- — log rank im(a') = — lo S rank hn(a c , lX ) - — log rank im(a x ) 

hm < hm — = hm . 

x logX x lOgX x logX 

This implies that T(V X ) = r(V^) as the first term in the above set of in- 
equalities is T(V X ) and the fourth term is r(V^). □ 
We now need a Lemma giving us a sufficient condition telling us when 
two filtered directed systems are equivalent. 

Lemma 3.2. Let (V£) (j = 1,2,3,4) be filtered directed systems. Let Uj : 
Vi — > V^ + x (j = 1,2,3) be morphisms of directed systems so that composing 
any two of them gives us an isomorphism. Then V x is isomorphic to V x . 



Proof, of Lemma 3.2 Let ip Xl , X2 be the directed system map — > V X2 for 
xi < x<2. By the definition of an isomorphism of filtered directed systems, 
there exist morphisms b\ : V^ 3 — > Vf, and b 2 ■ V x — > Vd 2 x so th & t U2 ou\ ob\ 
is the directed system map 

Also 

b x o u 2 o Ui = 4>l iDlCl C 2 x, 
U 3 ou 2 ob 2 = ^t,D 2 C 2 C 3 x 



and 

b 2 o U 3 o u 2 = ^l <D2 c 2 C 3 x- 

We define o : l', 2 > V^ x by = u 2 . We define </>' : I -+ Vf hD . 



by <j>' = o u 3 o i/jI DiCiC2X . 

Let x G V x . By abuse of notation for any x we will just write ifrL for 
^x,Kx for 3 = X ' 2 ' 3 - Because i> 3 DlCl c 2 = u 2 ou 1 ob 1 , 
<p o (p' = u 2 o b 2 o U3 o u 2 ui o b\ 
= U 2 o ^d 2 c 2 C 3 ou 1 ob 1 = lpB 2 C 2 C 3 °U 2 QUiobi 
= ^l,D 2 C 2 C 3 x ^DxdCa- 

(j)' o (f) = b 2 o u 3 o lp 3 DlClC2 o u 2 

= ^OidCa b 2 U3 o u 2 

= ^DxCxC-i ^T> 2 C 2 C 3 - 
Hence <f> and <fi' give us our isomorphism and we have proven the Lemma. 

□ 



Also: 
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4. Growth rate geometry 

4.1. Some alternate definitions of growth rate. We will define growth 
rate for a slightly larger class of manifolds called finite type convex symplec- 
tic manifolds and also using a broader class of Hamiltonians. There are three 
reasons for doing this. The first reason is that we wish to prove that growth 
rate is an invariant up to symplectomorphism and so we need a definition 
of growth rate which is invariant under symplectomorphism. The second 
reason is that the author wishes to use this larger class of Hamiltonians in 
a future paper to prove that growth rate behaves well under products and 
also with respect to Lefschetz fibrations. A third reason is that this way of 
thinking might be useful for answering various dynamical questions. 

A convex symplectic manifold is a manifold M with a 1-form 6 m such that 

(1) dm '■= d0M is a symplectic form. 

(2) There is an exhausting function ju '■ M — > R and a sequence 
c\ < C2 < ■ ■ ■ tending to infinity such that the w^-dual Xg M of 
6m satisfies dfM(Xg M ) > along f M l (ci) for each i. 

Some basic facts about convex symplectic manifolds are proven in the ap- 
pendix. We say that M is of finite type if there is a C G R such that 
(/ A ^ 1 (— oo, c], 6m) is a Liouville domain for all c > C. 

Let (M, 6 M ) be a smooth family of convex symplectic manifolds param- 
eterized by t £ [0, 1]. This is said to be a convex deformation if for every 
t £ [0, 1] there is a 5t > and an exhausting function f M and a sequence of 
constants c\ < c\ < • • • tending to infinity such that ((/if) _1 (— oo, c*], 6 s m ) 
is a Liouville domain for each s 6 [t — St, t+St] and each i. We do not require 
that f M ,c\,5t smoothly varies with t. In fact it can vary in a discontinuous 
way with t. 

Let M be a finite type convex symplectic manifold. In order to define 
growth rate, we need a slightly larger class of Hamiltonians. We will first 
describe Hamiltonians on M that give us filtered directed systems. Let (S, j) 
be a complex surface possibly with boundary. Let 7 be a 1-form on S so 
that dj > 0. Let H : M — > R be a Hamiltonian and J an almost complex 
structure compatible with the symplectic form u. We have a Hamiltonian 
vector field Xh defined by oj(Xh,-) = dH. A map u : S — > M satisfies 
the perturbed Cauchy-Riemann equations if (du — Xh (g) 7) ' 1 = 0. Here 
du — Xh 7 is a 1-form on S with values in the complex vector bundle 
Hom(T5, u*TM) where the complex structure at a point s G S is induced 
from j and J. The equation (du — Xh <8> 7) ' 1 = is written explicitly as 

(1) du - X H <8> 7 + J o (du - X H <8> 7) o j = 0. 

Sometimes we will write (du — A// 7) y 1 = if we wish to emphasise the 
fact that we are using the almost complex structure J. Here is a particular 
example. Let S = R x 5 1 = C/Z. We let 7 = eft where t parameterizes 
S 11 = R/Z. Then the perturbed Cauchy-Riemann equations become 

<9 s m + J3t« = JXh 
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which is just the Floer equation. 

The pair (H, J) on M is said to satisfy a maximum principle with respect 
to an open set U if there is a compact set K' C M containing U such 
that for any compact complex surface (S,j) with 1-form 7 (dj > 0) and 
map u : S — )• M, satisfying: 

(1) u satisfies the perturbed Cauchy-Riemann equations. 

(2) u(dS) CU H 

we have that u(S) C K' . We also require that U contains all the 1-periodic 
orbits of (H, J) of action greater than some small negative constant. 

A pair (H, J) is said to be SH* admissible if there is a discrete subset 
Ah C (0, 00) such that (XH, J) satisfies the maximum principle for A G 
(0,oo) \ Ah with respect to some relatively compact open set . We 
require that C Uf? 2 for Ai < A 2 . Note that if (H,J) is SH* admissible 
then so is any positive multiple of H. 

For an SH* admissible pair (H, J), we define SH*{XH, J) (A G (0,oo) \ 
Ah) as follows: By Lemma |2.2[ we can perturb XH by an arbitrarily small 
amount to a non-degenerate time dependent Hamiltonian H[ : S 1 x M — > R 
so that it is equal to XH outside some closed subset of . After subtract- 
ing a small constant from H' t , we can assume that H[ is equal to XH — e 
on a closed subset of U¥ and H' t < XH where e > is some constant. 
For a generic S 1 family J[ of almost complex structures such that Jt = J 
outside a closed subset of Ujf, we have that SHt{H' t , J' t ) is well defined. 
This is because all the 1-periodic orbits of H[ are contained in a compact set 
and the maximum principle ensures that all the Floer trajectories also stay 
inside a compact set. The pair (H t , Jt) constructed above is called an ap- 
proximating pair for (H, J). A similar argument ensures that if we have two 
approximating pairs {H' t , J' t ) and (H" , J t ") for (H, J) with H[ < H" , there 
is a well defined continuation map SH*{H' t ,J[) SH*(H' t ',J?) induced 
from a generic family of approximating pairs joining (H' t , J' t ) and (H" , J") 
where the Hamiltonians are non-decreasing. Also because the continuation 
map is induced from a non-decreasing family of Hamiltonians, we have that 
the continuation map respects the filtration by action. So any orbit of ac- 
tion < / is sent to another orbit of action < / under the continuation 
map. The set of approximating pairs (H' t , J[) induces a directed system 
where (H' t , J[) < (H' t ' , Jf ) if and only if H[ < H'[ for all t£ S 1 . We define 

jj jj 

SH*(XH, J) as hm ,. SH*(H' t , J' t ) where the direct limit is taken over 

this directed system. 

We also have a continuation map for Ai < A2 where A» G (0, 00) \ Ah 
from SHf(X\H, J) to SHf (X2H, J). This continuation map is induced by 
a family of pairs (Hf, Jf) such that 

(1) they are equal to (X' s H—e s , J) outside a closed subset of Uj^ 2 for some 
smooth non-decreasing family of constants A^ and some smooth non- 
increasing family of constants e s . 
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(2) (Hf, Jf) is a fixed approximating pair (H t , J t ) for (XiH, J) for 
s < 0. 

(3) (Hf,Jf) is a fixed approximating pair (H+,J + ,t) for (X?,H,J) for 
s > 0. 

(4) > 0. 

We need to show that the continuation map trajectories stay inside a com- 
pact set. Suppose we have some map u : M. x S* 1 — > M satisfying the 
continuation map equations which join orbits inside U^: 

d sU + J?d t u = j s t x Ht . 

These can be rewritten in the following way: 

(du - X H s ® dtfjl = 0. 

We have (Hf, Jf) = (X' S H — e s ,J) outside some compact subset R of . 
Let S C R x S l be a compact submanifold so that u(S) is disjoint from R 
and u(dS) C U^ . Hence we have that u restricted to S satisfies: 

(du - X KH -u ® dt) °/ = 0. 

The constants e s do not matter so our equation becomes: 

{du -X H ® ~f) / = 

where 7 = \' s dt. Here d^y > because X' s is non-decreasing. Hence by the 
maximum principle we have that S must be contained entirely inside . 
This implies that the image of each continuation map u must be contained 
inside and hence inside a fixed compact set. Hence we have a well 

defined continuation map between SH*(H^,J^) and SH*(H+,J+). This 
induces a continuation map between SHf(\iH, J) and SHf(\2H, J). If 
A G Ah then we define SH*(XH,J) as the direct limit of SH*(X'H,J) 
where A' ^ A tends to A from below. Hence we have a filtered directed 
system (SH#{XH t , J t )). 

We wish to put some additional conditions on the pair (H, J) so that 
the associated filtered directed system is an invariant related to symplectic 
homology. Here are the additional conditions: 

(1) (bounded below property) 

The Hamiltonian H is greater than or equal to zero, and there 
exists a compact set K and a constant Sh > such that: H > Sh 
outside K. 

(2) (Liouville vector field property) 

There exists an exhausting function fn, and 1-form 6h such that: 

(a) 0m — &H is exact where 0m is the Liouville form on M. 

(b) There exists a small en > such that dH(Xg H ) > in the 
region // _1 (0,e/f] where Xq h is the wju-dual of Oh- We also 
require that d(dH(Xg H )) (Xg H ) > dH(Xg H ) in this region. 
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(c) There is a constant C such that dfH(Xg H ) > in the region 
/# 1 [C f , oo) and oo,C] is non-empty and is contained in 

the interior of .f/" _1 (0). 
(3) (action bound property) 

There is a constant Ch and 1-form 9 such that the function 
—6{Xh) — H must be bounded above by Ch where Xh is the Hamil- 
tonian vector field associated to H t . We also require that 9 — 9 m is 
exact. 

If an SH* admissible pair (H, J) has these additional conditions, then it is 
called growth rate admissible. 

Here are some important examples: 

First example : Let Xg M be the vector field given by the WM-dual of 9m- 
Because M is a finite type convex symplectic manifold, we have a function 
Jm '■ M — > M such that, dfM(X$ M ) > in the region where Jm > c for 
some c>0 and such that /m is exhausting. Let Xf M be the Hamiltonian 
vector field of Jm- Choose some c < c\ < C2 < • • • tending to infinity so 
that dfM{Xg M ) > on f M l { c i) f° r eacn We perturb /m by a C° small 
amount to gM so that it has the following property: g M l {ci) = f M l { c i) an d 
dgM(Xg M ) is constant on a small neighbourhood of g M l (ci) for each i and 
dgM{Xe M ) > for gM > c. The level sets A y := g M l (y) for y > c are contact 
manifolds with contact form a y := 9m\a v - Because 

a y( X g M ) = Qm{X 9m ) = u M {Xg M ,X gM ) = -dg M {Xg M ) < 0, 

we have that X 9M is non-trivial in the region {gM > c}. Because the vector 
field X 9m is contained in TA y (y > c), and because it is non-zero, it has a 
shortest orbit inside A y (as A y is compact). The reason for this is that for 
each p £ A y we can choose coordinates xi, ■ ■ ■ , %2 n around p so that X gM = 
g^j-, which means that any flowline going through a smaller neighbourhood 
U of p must take some time Sjj > to pass through U. Because A y is 
compact, we can then cover it with finitely many such neighborhoods Ui 
which implies that any orbit must flow for time at least minjj^. Let 5(y) > 
be smaller than minj^. We can assume that S(y) is a smooth function of 

V- 

Let h : M — > M be a function with the property that h(x) = for x < c+ 1 
and h(x) > elsewhere. For x > c+ 1 we let h'{x) be smaller than 5(x)/gM 
and h' > whenever /i > 0. We also assume that /i' is small enough so that 
h' (x)a(x)(Xg M ) is bounded above by a constant. The Hamiltonian flow of 
H := h(gM) in the region gM < c is and for x > c + 1 in the region 
A x , it is equal to some very small multiple of X 9m \a x . We also need an 
additional technical condition which ensures that our Hamiltonian H will 
satisfy the Liouville vector field property. We require that there exists some 
e h > with h"(x) > for x G (c + l,c + 1 + e h ). Fix A > c. In the 
region {gM > A}, there are no 1-periodic orbits of XH. This is because 
all the orbits of Xh\a x = h'(x)X gM \A x have length greater than A because 
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h' < bxjgu < S x /X. Also because H > and a x {Xn) is bounded from above 
for x > c, we have that —9m(Xh) — H is bounded from above so H satisfies 
the action bound property. The Hamiltonian H satisfies the bounded below 
property because its zero set is compact, it is greater than or equal to zero 
and is greater than some constant near infinity. Note that log(/i'(x)) tends 
to minus infinity as x tends to c + 1 from above. Also the derivative of this 
function is positive. This implies that the derivative h"(x)/h'(x) tends to 
infinity. Hence (after shrinking e/J we can assume that h"(x) > vb!{x) for 
x £ (c + 1, c + 1 + e/J where 

v > (1 -d(g M (Xe M )) (X J) /g M (Xe M ) 2 

in the region x G (c+1, c+l + e/J. Because dH(Xg M ) = h! (gM)dgM{Xo M ) > 
and 

d(dH(X e J) (X e J = h"(g M )dg M (X 6M ) 2 + ti(g M )d(g M (Xe u )) (Xg M ) > 

h'(gA4)dg M (Xe M ) 

in the region ff _1 (0, e#) for some small en > 0, H satisfies the Liouville 
vector field property. We need to find a J so that (H, J) satisfies a maximum 
principle. Because dgM(Xg M ) is constant on a small neighbourhood of q 
for each i, we have (by flowing Gi along Xq m ) a small neighbourhood of 
Gi := g]^{ci) symplectomorphic to (1 — e$, 1 + £j) x G{ with contact form 
K i9M®i where a« := O^Gi is a contact form and Ki is a constant. This 
is a slice of a positive cylindrical end so we can choose J so that it looks 
cylindrical in these regions. We define U? to be any family open sets of the 
form g^J(— oo,Cj) containing all the 1-periodic orbits of XH and such that 
U? C U? for Ai < A2- Hence by Lemma 9.1, there exists a J such that 



{XH, J) satisfies the maximum principle with respect to U? . Hence (H, J) 
is growth rate admissible. 

Second example : Let Jm and Xg M be as above. Let Q := (— oo, C] 
be a manifold with boundary such that X$ M is transverse to the boundary 
of Q and pointing outwards and dfM(X$ M ) > outside Q. Even though the 
Liouville vector field Xq m may not be complete, we can still flow dQ along 
Xg M so that we have that the set (M \ Q) is diffeomorphic to some open 
subset U of [1, oo) x dQ containing {1} x dQ. We have that 9m\u = ra where 
r parameterizes [1, oo) and a = 9hi\dQ- We call this a partial cylindrical end 
of M. We can ensure that the period spectrum of the contact manifold dQ 
is discrete and injective (after perturbing Jm very slightly). Let J be an 
almost complex structure which is cylindrical inside U (i.e. dr o J = —9m)- 
Let e > be a constant small enough so that r _1 (l + e) is still a compact 
manifold transverse to Xq m . Let H be a Hamiltonian such that H = h(r) 
in U and inside Q. We require that h(r) = near r = 1 and h(r) = r — | 
for r > 1 + e/2, and /?/, h" > and h' > when h > 0. We also require that 
/i"(x) > for x G (1, 1 + ejj) where en > is small. 
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For A not in the period spectrum of dQ, we have that all of the 1-periodic 
orbits of XH lie inside the compact set {r < e/2}. We define U¥ to be the 
open set QUr _1 ([l, 1 + e) for all A. T he pair (XH, J) satisfies the maximum 



principle with respect to by 9.1 Hence (H,J) is SH* admissible. We 



have that (H, J) satisfies the bounded below property and the Liouville 
vector field property because Xg M = rjp in U, h! > when h > and 
h"(r) > for r E (1,1 + e#). We also have the that (H,J) satisfies the 
action bound property because —9m(Xh) — H = rh'(r) — r+ f = | outside 
a compact set (where H = r — |). All of this means that (H, J) is growth 
rate admissible. 

Suppose that (Hq, Jo), (Hi, J\) is growth rate admissible with the prop- 
erty that U"° C C/f 1 for all A and such that (H 1} Ji) = (kH + ci,J ) 
outside a closed subset of of U\ . Suppose we have a non-decreasing family 
of pairs (H t , Jt) equal to (ntHo + q, J) outside a closed subset of for 
some smooth family of constants Kt > 1, Q £R. Then we have a well defined 
continuation map from SH* (XHo, Jo) to SH* (XH±, J\) and this induces a 
morphism of filtered directed systems. We call such a morphism a restricted 
continuation morphism. Suppose now we have two growth rate admissible 
pairs (Hq, Jq) and (H[, J[) with the following properties: 

(1) c/f<Wf\ 

(2) (H' , J ) = (H[, J[) on a neighbourhood of U A £/f °. 

Then the filtered directed systems (SH*(XH' Q , j£)) and (SH*(XH[, J[)) are 
isomorphic because all 1-periodic orbits of non-negative action and all Floer 
trajectories connecting them are identical. We call such a morphism a switch 
isomorphism. 

The main theorem of this section is: 

Theorem 4.1. Lei (H, J), (H' , J') be growth rate admissible. Then the 
filtered directed system (SHf(XH, J)) is isomorphic to (SHf(XH', J')) as 
filtered directed systems. 
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The isomorphism between these filtered directed systems is a composition 
of restricted continuation morphisms and switch morphisms and inverses of 
these morphisms. 

The reason why we mention restricted continuation morphisms and switch 
morphisms is because we would like this result to hold if SH* had some 
additional algebraic structure as well such as the pair of pants product so 
that it can be used in future work. The point is that if restricted continu- 
ation morphisms and switch morphisms are also morphisms preserving this 
additional algebraic structure then we immediately get an invariance result 
for symplectic homology with this extra structure. 

We need some preliminary lemmas before we prove this Theorem. 

Lemma 4.2. Let H be a Hamiltonian satisfying the Liouville vector field 
property, then there is a growth rate admissible pair (H p , J p ) such that: 

(1) H p = H on a small neighbourhood of -fT~ 1 (0) and (H p )^ 1 (0) = 

(2) -0 H {X H v) - H p > everywhere and -0 H (X HP ) - H p > when 
HP > 0. 

(3) —9h{Xhp) — H p is greater than some constant ^> outside a 
large compact set. 

(4) The construction of H p only depends on H near i/ _1 (0). 

(5) There is a fixed compact set K 1 such that all 1-periodic orbits of 
\H p are contained in the interior of K' . This set is an embedded 
codimension manifold with boundary and we can ensure that it fits 
inside any open set containing -ff _1 (0). 

(6) Any solution u : S — > M of the perturbed Cauchy-Riemann equations 
with respect to (H, J) where H > 0, (H, J) = (XH P , J) inside K' 
and u(dS) C K' is contained in K' . 

Here Oh is the 1-form that makes H satisfy the Liouville vector field property. 

Note that this Lemma also tells us the following fact about H: we have 
that —9h(H) — H > on some small neig hbourhood of H _1 (0). This will 
be useful later on. 

Proof, of Lemma |4.2| The main idea of this proof is to use bump functions 
to extend (H,J) restricted to a small neighbourhood of i? _1 (0) to a pair 
which looks like the pair described in the second example. Here On is a 
1-form such that Ojj — &M is an exact 1-form. The vector field Xq h which 
is the WM-dual of Oh has the property that there is a function ffj such that 
dfn{XQ H ) > inside a small neighbourhood of the M\i? _1 (0). We also 
have an en such that Xg H (H) > on if -1 (0, e#) by the Liouville vector 
field property. 

Because we are only interested in what H is near ff _1 (0) it can be any- 
thing we like outside a neighbourhood of this set. So from now on (after 
changing H outside a neighbourhood of H^ 1 ^)) we can assume that H sat- 
isfies the bounded below property. Let Q := oo, C] be a manifold with 
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boundary such that Xg H is transverse to the boundary of Q and pointing 
outwards and dfH(Xg H ) > outside Q and such that i? _1 (0) contains Q. 
We have that dQ is a contact manifold with contact form a = Oh\oq- We 
flow dQ along Xg H so that we have that the set (M \ Q) is diffeomorphic to 
some open subset U of [1, oo) x <9Q. This is our partial cylindrical end. We 
have that 0h\u = r< % where r parameterizes [1, oo), and Xg H = rj^ in the 
region U. We have: 

d FT 

-0 H (X H ) -H = r—-H 
or 

inside U. Because H satisfies the Liouville vector field property we have 
on a neigbourhood of d (dH(X H )) (X H ) > dH(X H ) > outside 

i? _1 (0). Because Xh = r-^p on our partial cylindrical end this condition 
becomes: 

dH 2 d 2 H dH 

r ^r + r ~rTT > r ^r > 

or Or £ or 

which in turn is equivalent to > 0. We shrink eu so that i?~ 1 [0, en] 

is contained in V. We also have that 

Hence we have that —6h{Xh) — H > in the region i/~ 1 (0, e#). By the 
bounded below property, there exists a constant 5h > such that H > 5h 
outside y. We shrink en so that it is smaller than 5h- Choose a function 
: R — > M. such that = 1 for x < 2e#/3 and qi(x) = for x > en- 

Because dH{Xg H ) > on the level set W := -fT _1 (e^/2), we have that this 
level set is regular and is a contact manifold with contact form ct2 '■= 0h\w- 
There exists a function / : dQ — > [l,oo) such that under the identification 
of M \ Q with a subset of [1, oo) x dQ, 

W = {{f(x),x)\x e dQ} C [1, oo) x dQ. 

We will write this set as (r//)~ 1 (l). We also have a new partial cylindrical 
end which is the region {(r/f) > 1}. This is diffeomorphic to some codi- 
mension submanifold with boundary of W x [l,oo) where the cylindrical 
coordinate is (r/f) and the contact form is 0h\w- Let qi be a function on 
M. satisfying: 

(1) q 2 ( x ) = for x < 

(2) q' 2 (x),4(x) > 0. 

(3) We let <? 2 ( x ) be constant and equal to 1 for x > S r . Here 5 r is 
a constant such that the level sets (r//) _1 (x) are all compact for 
1 < x < 5 r + 1. So for x > 5 r , qi = r — i r where i r > is a constant. 

(4) For x > we also choose q2 so that q' 2 (x) > 0. 

Let H p := q\(H)H+nq2(r / f — 1) where k > is a constant to be determined. 
Here q\(H) has support inside the region V because H > en outside V. 
We have for k > 0, that -6 H (H p )(X dH ) - HP > 0. This is because H p = 
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H+ K q 2 (r/f-l) in H-\Q,2e H /^) and -6 H (H)-H > 0, -6 H (q 2 (r/f- 1)) - 
1i(r/f — 1) > in this region because q 2 , q' 2 , 4% > 0. Also — Ojiir/f— 1 — i r ) — 
r / f + i r = L r is greater than some fixed constant outside -fT _1 (— oo, 2e#/3) 
hence by the action bound property we get that —6h(Xhp) — H p > for k 
large enough. Hence in the region where H p > 0, we have that —6h(Xhp) — 
H p > 0. 

We also let J p be an almost complex structure such that it is cylindrical on 
the partial cylindrical end {(r/f) > 1} viewed as a subset of W x [1, oo). We 
can perturb / very slightly so that the period spectrum of W = (r//) _1 (1) is 
discrete. Define K' := M \ (r//) _1 (l, oo). This is a compact co-dimension 
manifold whose boundary is W. Because the period spectrum of W is 
discrete and equal to A C (0,oo), we have for all A G (0,oo) \ A, XH P has 
all its 1-periodic orbits contained in a compact subset of M. Also |9.l| with 
boundary inside K' must stay in K' . This implies that (H p , J p ) satisfies 
the maximum principle. We also have that that because H p > and H p = 
(r/f) — L r near infinity, H p satisfies the bounded below property. Because H 
satisfies the Liouville vector field property, then so does H p as H p = H on a 
small neig hbourhood of H~ l (0) and iJP -1 (0) = H- l (0). We also have that 
it satisfies the action bound property because — t r ) — (r/f— t r ) = i r 

near infinity. 

Finally property ^ is satisfied by Lemma |9.1| as well. □ 



Before we prove Theorem 4.1 we will prove a couple of weaker versions of 
it. Here is one. 

Lemma 4.3. Let (H, J), (H 1 , J') be growth rate admissible pairs satisfying 
the following properties: 

(1) H' = H in a neighbourhood o/i? _1 (0). 

(2) H-^O) = H'- 1 (0). 

(3) C/f = C/f. 

(4) (H, J) = (H' + c, J') outside a closed subset of Iff 1 = n A C/f . 

jj 

Then there is a restricted continuation morphism from (SH*(\H, J)) to 
(SHT(\H',J')) which is an isomorphism. Its inverse is also a restricted 
continuation morphism. 



Proof, of Lemma 4.3 By the bounded below property there exists a constant 
5 > with H,H' > 5 outside a compact set K. This implies that there exists 
constants Qi,Q 2 > 1 such that H < QiH' and H' < Q 2 H. Let (H S ,J S ) 
(s € M) be a family of pairs such that 

(1) (H s , J s ) = (H, J) for s < and (H s , J s ) = (QiH 1 , J') for s > 0. 

(2) We let (H s , J s ) = (k s H + c s , J) outside a closed subset of ClJTf for 
some non-decreasing family of constants k s > 1, c s G K. 

(3) ^>0. 

The family of pairs (XH S , J s ) induces a continuation map <p from the group 
SH?(\H, J) to SH?(\QiH', J'). A similar family of pairs induces a con- 
tinuation map <p' from SH*(XH',J') to SH* (XQ 2 H' , J'). We also have 
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jj 

that (f) o <j) and <p ° 0' are directed system maps for (SH*(XH,J)) and 
(SHf (XH' , J')) respectively. This is because the directed system maps 
are also continuation maps induced by increasing families of Hamiltonians. 
Hence (SHf(XH, J)) and (SHf (XH' , J')) are isomorphic as directed sys- 
tems. Also and its inverse are restricted continuation morphisms. □ 

Lemma 4.4. Lei (H, J), (H' , J') be growth rate admissible pairs such that 
H' = H in a neighbourhood of H' 1 ^) and H' 1 ^) = H'" 1 ^). Then 
(SH*(XH, J)) is isomorphic to (SH*(XH', J')) as filtered directed systems. 
The isomorphism between these filtered directed systems is a composition 
of restricted continuation morphisms and switch morphisms and inverses of 
these morphisms. 

This Lemma is similar to Lemma 14.31 with one constraint removed. 



Proof, of Lemma 4.4 From Lemma 4.2 there is a pair (H p , J p ) constructed 



from H. This only depended on what H was on a small neighbourhood 
of iJ _1 (0), so the equivalent construction (H' P ,J' P ) is equal to (H P ,J P ). 
Hence all we need to do in this section is to prove that the filtered directed 
system (SH*(XH, J)) is isomorphic to (SH*(XH P , JP)). 

There is a compact co-dimension submanifold K' with boundary con- 
taining Lf _1 (0) = (-£f p ) _1 (0) and all the 1-periodic orbits of XH P for every 
A E (0, oo) \ A (where A is discrete). We can assume that K' is a subset of 
U± = C\\U? . It also has the property that any solution of the perturbed 
Cauchy-Riemann equations with respect to (H p , J p ) with boundary in K' 
is contained in K' . Let L : M — > M be a Hamiltonian such that: L = H p 
on a small neighbourhood of K' and such that L > outside K' . We also 
require that L = H outside a closed subset of . We let Jl be an almost 
complex structure compatible with the symplectic form such that it is equal 
to J p on a small neighbourhood of K' and equal to J outside a closed sub- 
set of Ui . Because L = H on a small neighbourhood of -ff _1 (0) = L _1 (0) 
and (L,Jl) = (H,J) outside a closed subset of , we have that (L,Jl) 
is growth rate admissible. Let 9 be the 1-form such that 9 — 9m is exact 
and —9(Xh) — H is bounded. Let c > be a constant greater than the 
function —9(Xl) — L + 1. Let L' : M — > R be a function which is equal 
to L on a small neighbourhood of L _1 (0) and equal to L + c on a small 
neighbourhood of M\K' and is greater than everywhere else. Because 
—9(Xl') — L' < outside the interior of K' and no A-periodic orbits of L' 
intersect the boundary of K' for A outside some discrete set, we have that 
all the 1-periodic orbits of XL 1 of non-negative action are contained in the 
interior of K' . Hence by part [6] from Lemma |4.2| we have that (XL', Ji) 
satisfies the maximum principle with respect to (K')° (the interior of K') 
for all A outside a discrete subset. So we can define Ujf := (K')°. 

Let L' be equal to L' inside K' and equal to H p + c outside K' . Again for 
all A outside a discrete subset, all the 1-periodic orbits of non- negative action 
are contained in the interior K' . Hence part ^ from Lemma 4.2 ensures 
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that any compact curve satisfying Floer's equations with respect to (V , J£) 
whose boundary is contained in the interior of K' must be contained in K 1 . 
Hence (L 1 , j£) satisfies the maximum principle with respect to Ujf '■= (K')°. 
Because C/f = uj? = (K')° for all A and (V , J L ) = (L', J L ) on a small 
neighbourhood of K' , we have a switch isomorphism from (SH*(\L', Jl)) 
to {SH*{XL',J P )). 

tells us that {SH*(XU, J p )) and (SH*(XH P , J p )) are isomor- 



Lemma 



4.3 



phic by a restricted continuation morphism. Lemma |4.3| also tells us that 
(SH*(XL',J)) and (SH*(XH,J)) are isomorphic. Hence (SH*(XH,J)) 
and (SH* (XH P , J p )) are isomorphic. □ 
If (H\, Ji), (H2, J2) are growth rate admissible such that H^ 1 (Q) con- 
tains i?^" 1 (0) then there is a natural morphism of filtered directed systems 
from (SH*(\Hi, Ji)) to (SH* (XH2, Ja))- Here is how this morphism is con- 
structed: we have a non-decreasing family of Hamiltonians H s with H s = Hi 
for s<0 and such that H s = K for s S> where X satisfies: 

(1) = ^H ) and 7J 2 = K on a small neighbourhood of ir _1 (0). 

(2) K = Hi outside a closed subset of U^ 1 . 

(3) (X, Ji) is growth rate admissible. 

We also require that H s = Hi outside a closed subset of U^ 1 . The fam- 
ily of pairs (H s ,Ji) induces a continuation map from SH* (XHi, Ji) to 
SH*(XK, Ji). This in turn induces a morphism of filtered directed systems 
from (SHT(XHi, Ji)) to (SH^(XK, Ji)) as the continuation map commutes 
with the filtered directed system maps. Our morphism is constructed by 
composing the above morphism w ith t he isomorphism from (SH*(XK, Ji)) 
to (SH* (XH2, J2)) from Lemma 4.4 We call such a morphism a growth 
rate admissible morphism. 

Lemma 4.5. The composition of two growth rate admissible morphisms is 
a growth rate admissible morphism. 



Proof, of Lemma |4.5| The point is that composing switch morphisms gives 
us switch morphisms, composing restricted continuation maps gives us re- 
stricted continuation maps and if we have restricted continuation maps of the 
right form (so that some maximum principle still applies) then restricted con- 
tinuation maps can commute with switch morphisms. Let (Hi, Ji), (H2, J2), 
(H%, J3) be growth rate admissible pairs with TJr 1 (0) contained in 7J~ 1 (0). 
We wish to show that the composition of the growth rate admissible mor- 
phisms 

Ei : (SH*(XHi,Ji)) (SH#(XH 2 ,J 2 )) 
E 2 : (SH#(XH 2 ,J 2 )) -> (SH*(XH 3 ,J 3 )) 
is a growth rate admissible morphism 

E 3 : SHf(XHi, Ji) -> SH#(XH 3 , J 3 ). 
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Let (H, J) be any grow th rate admissible pair. By using methods from 



4.4 



we can construct Hamiltonians L % H and almost 



the proof of Lemma 
complex structures Jjj for i = 1,2,3 with the following properties: 

(1) (L^r 1 ^) = H^(0) and H t = U H near H^(0). 

(2) —0M(X L i ) — U H <C outside a small neighbourhood Ki of (0). 

(3) Any map s : S —> M with boundary inside Ki satisfying Floer's 
equation with respect to (L l H , Jjj) must be contained in Ki. This 
statement is true even if we change (Ljj, Jjj) so that it equal to 
something else outside Ki as long as the Hamiltonian stays positive. 

(4) K 3 C K 2 C K x . 

(5) (L 2 H , Jjj) is equal to (Ljj, Jjj) outside K 3 and near dK 3 and (Ljj, Jjj) 
is equal to (Ljj, jjj) outside K 2 and near dKi. 

(6) (Ljj, Jjj) is equal to (H + k, J) for some large constant k>0 near 
infinity. 

Note that the pair (L l H , Jjj) really depends on both H and J but we sup- 
pressed J from the notation to make it less cluttered. We now construct a 
smooth non-decreasing 1-parameter family of pairs (Ljj,Jjj) for t £ [1,3] 
such that 

(1) (Ljj, Jjj) are equal to the pairs constructed above with the same 
name for i = 1, 2, 3. 

(2) (Ljj, Jjj) = (Ljj, jfj) outside K 3 and near dK 3 . 

(3) For t € [1,2], (L^, Jjj) = (Ljj, J*) outside K 2 and near dK 2 . 

This family gives us continuation maps: 

*g : SH#(\L)j, Jjj)) SH+iXL^, Jfj) 

that do not depend on the choice of (If, J) for any « < j,i,j = 1 or 2 or 3 
because no Floer trajectories connecting non- negative action orbits escapes 
the region K 3 . The point is that if we change (H,J), we only do this 
outside K 3 . The map VE^- induces a morphism of filtered directed sys- 
tems from (SH*(\Ljj,Jjj))) to (S H+ (\L j H , J j H )) . The filtered directed 
systems are canonically isomorphic for any choice of (H, J) via a switch 
morphism and the maps are exactly the same for any choice of (H, J). 
Hence we have filtered directed system maps 

A i,j that are isomorphisms from 
(SH*(XL k H _,J^))) to (SH + (XL k jj,,J^j.)). And we also have the relations 



(2) 4*'°*S- o^*) -1 ^^ 

We also have a restricted continuation morphism $j of from th e fi 
directed system SHf (\L l jj., Jjj.)) to SHf (\Hi, J. t )) (see Lemma 



tcrcd 



4.3). Its 

inverse is also a restricted continuation morphism. We have that o 
^i 2 is induced entirely from continuation maps and so it is exactly the same 
as the map ^^3- Also composing <I>j or < I>~ 1 with any of these maps (when 
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possible) also induces restricted continuation morphisms. We get that the 
growth rate admissible morphism E\ is equal to 

$ 2 o A\ 2 o \Er^i o ^ 1 



and E2 is equal to 



by looking at the proof of Lemma 4.4 and the definition of growth rate 
admissible morphism. Hence their composition E2 E% is equal to: 

$3 ° ^2,3 ^1,2 °*r X - 

By equation [2] we have that this composition is equal to 



$ 3 o A| 3 o A\ 2 o ^^3 #12 ^1 1 = 
$3 o Al 3 o A\ 2 o ^f* o (J)" 1 . 

The composition of the switch morphisms A\ 3 o A\ 2 is the switch morphism 
^4^3 hence we have that E2 o £1 is equal to: 

$ 3 o Af 3 o o (J)^ 1 

which is equal to £3. Hence E2 o E\ = £3 which gives us functoriality. □ 

Lemma 4.6. Let (H S ,J S ) be a smooth family of growth rate admissible 
pairs parameterized by s G R suc/i i/ia£ /or si < S2, -ff~ 1 (0) contains 
-ff~ 1 (0). For S2 greater than si, the growth rate admissible morphism from 
(SH*(\H Sl , J S1 )) to (SHr{XH S2 , J S2 )) is an isomorphism. 



Proof, of Lemma 4.6 By a compactness argument and by functoriality 



(Lemma 4.5) we only need to show that for each s£l, there is a 5 S > 

such that the result is true for s± > s — S s and S2 < s + S s . We will prove 

this by changing our pairs (H s , J s ) to ones similar to the one described in 

Lemma |4.2| Then we note that if all the orbits have non- negative action 
— ^ 

then SH* is equal to SH* hence we can construct an inverse to our growth 
rate admissible morphism by using a decreasing family of Hamiltonians. 

Fix the Hamiltonian H s . We can ensure that there is a continuous family 
of small neighbourhoods U s > of H^ l (0) in which —9(Xh s ,) — H s > > on 
U s > \ ff s 7 1 (0) with respect to s' by a 1-parameter version of the note after 
Lemma |4.2[ This means that there is a 5 S > and a neighbourhood U of 
fl^CO) with -9(X Hs ,) - H s > > on U \ HJ, 1 ^) for all |s - s'\ < 5 S . 

We first perturb H s _s a by a C°° small amount near its zero set to K 
so that (K, J s ~s a ) is still growth rate admissible and so that the int erior of 
i<f -1 (0) contains (0) and if -1 (0) is contained in U. By Lemma 

(K p , Jg_s s ) be a pair such that 

(1) (K p , J^_ s ) is growth rate admissible. 

(2) K p = Zona small neighbourhood of K'^Q) and (ET p )- 1 (0) = 

(3) -e(KP) -K p >0 everywhere and -0{K?) - K p > when K p > 0. 



4.2 



let 
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We shrink U so that it is also contained in . Choose an open set U' whose 
closure is contained in U and which still contains K~ 1 (0). Let p : M — > M 
be a bump function which is equal to 1 inside U' and equal to outside U. 
For k > large enough and for \s — s'\ < 8 S we have that: 

H' s , := pH s , + kK? 

satisfies -9(H' a ,) - H' s , > because -0(K P ) - > in the relatively 
compact region U\U' and so is bounded below by a positive constant. We 
define a new family of almost complex structures J' s , to be equal to J^_ s 
outside U' and equal to J s i on a small neighbourhood of -fT^7 1 (0). We have 
that (H' s ,, J' s ,) is growth rate admissible. 

We have that SH*(XH' S ,, J' s ,) is a filtered directed system isomorphic to 
SH*(XH' S ,,J' S ,) because -0(H' S ,) - H' s , > 0. Also we have that if {K',Y') 
is any pair equal to (H' S ,,J' S ,) outside U' then SH*(AK' ,Y') is equal to 
SH*(\H' S ,, J',) as the maximum principle ensures that continuation maps 
between these Hamiltonians are well defined (and that these continuation 
maps do not have to be from non-decreasing families of Hamiltonians as we 
are not considering action). Hence for all \s' — s\ < 5 S , the filtered directed 
systems (SH*(\H' S ,, J' s ,)) are all isomorphic. 

Let s\, S2 be such that s — 5 S < si < S2 < s + S s . We have a morphism 
(f) of filtered directed systems from (SH*{\H' Si , J' Sl )) to (SH*(XH' S2 , J' S2 )). 
By the previous discussion we also have a morphism <p' from 

(SH*(XH' S2 ,J' S2 )) - (SH*(\H' S2 ,J' S2 )) 

to 

(SH#(XH' S1 ,J' S1 )) - (SH*(\H' SV J'J). 

Because these morphisms are induced by continuation maps, we have that 
(po (/)' and (j)' o (j) are filtered directed system maps and hence by definition cj) 
is an isomorphism of filtered directed systems. 

By Lemma |4.4[ we have an isomorphism $j of filtered directed systems 
from (SH*(XH Si ,J Si )) to (SHt(XH' s .,J' s .)) for i = 1,2. This isomorphism 
and its inverse are growth rate admissible morphisms. We have an isomor- 
phism $2 1 <t> $i from (SHt(XH sl ,J sl )) to (SHf(XH S2 , J S2 )). Because 
(p, f&ij'&n -1 are growth rate admissible morphisms, we have by functoriality 



(Lemma 4.5) that $ 2 1 ° 4> is & l so a growth rate admissible morphism. 
Hence the natural morphism from (SH*(\H Sl ,J Sl )) to (SH* (XH S2 , J S2 )) 
is an isomorphism. □ 

Lemma 4.7. Lei (Hq,Jo), (H\,J{) be two growth rate admissible Hamilto- 
nians such that H^ 1 ^) C i? ( ^~ 1 (0). Suppose that there is a smooth family of 
Hamiltonians Gt satisfying the Liouville vector field property such that 

(1) G-^O) C G-^O) if Sl <s 2 . 

(2) G = H on a neighbourhood of H^ 1 ^) and G 1 (0) = Hq 1 ^). 

(3) Gi =Hx on a neighbourhood ofH^ (0) and G^(0) = Ff^O). 
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Then the growth rate admissible morphism 

(SH#(XH , J )) -> (SH*(XH 1 , J±)) 

zs an isomorphism. 

Proof, of Lemma |4.7| By using construction similar to the one in the proof 



of Lemma 4.6 combined with Lemma 4.2, we have for each s G [0, 1] there 
is a S s > and a smooth family of growth rate admissible pairs (G*, J*) 
(t G (s — <5 S , s — S s )) satisfying: 

(1) G\ = G t on a neighbourhood of G t _1 (0) and G t _1 (0) = (G*)- 1 ^). 

(2) (Gg, Jo) = ( H o, Jo) on a neighbourhood of ^(O) and (Gg) -1 ^) = 

(3) (G{, J^) = (Hi, Ji) on a neighbourhood of iJf X (0) and (G^-^O) = 

Hence by Lemma 4.6, we have for s — 5 S < t\ < ti < t + 5 S the natural 
filtered directed system map from (SH* (G* 1 , J* 1 )) to (SH*(G t s 2 , J* 2 )) is an 
isomorphism. 

Hence by a compactness argument there is a sequence of growth rate 
admissible pairs (Ai, Y) := (G* 1 . , J^f) for i = 1, • • • , k such that 

(1) Ar^O) contains 4^(0). 

(2) (A k ,Y k ) = (G\,Jl) and (A ,y ) = (G°, J°). 

(3) The morphism from (SHf = (Ai, Yi)) to (SHf(Ai+\, li+i)) is an iso- 
morphism. 

We also have by Lemma |4.4| that the growth rate admissible morphisms 
(SH*(H ,J )) -> (Sflf (A ,r )) 

and 

(S##(^i,Fi)) -> (SHf(H h Jx)) 
are isomorphisms. Hence by functoriality of these morphisms we get that the 
growth rate admissible morphism from (SH*(\Hq, Jo)) to (SH* (XHi, Ji)) 
is an isomorphism. □ 

Lemma 4.8. Let (H, J) be a growth rate admissible pair. For any compact 
set K C M, there exists a growth rate admissible pair (Hk, Jk) such that: 

(1) HJ^(Q) contains both U _1 (0) and K . 

(2) The morphism from (SH*(\Hk,Jk)) to (SH*(\H,J)) is an iso- 
morphism. 



Proof, of Lemma 4.8, For the purposes of this proof we may as well enlarge 
K so that it contains i^ _1 (0). By Lemma 4.7 all we need to do is create a 



family of Hamiltonians H s ,(s G [0, oo]) such that 

(1) H s satisfies the Liouville vector field property. 

(2) iJ-^O) contains H~ l (0) if si < s 2 . 

(3) H Q = H and i? s _1 (0) contains K for s > 1. 
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Let fji,XQ H be the function and Liouville vector field which enables (H, J) 
to satisfy the Liouville vector field property. Let p be a bump function such 
that it is equal to 1 on a neighbourhood of if and outside some larger 
compact set. Because the vector field V' H := pXg H has compact support, its 

V V 
flow cj> t H is well defined everywhere. Let H s := ((</> s w )*if ). For en > small 

enough we have that dH(Xg H ) > inside ii _1 (0, e#). Because (4> t h )*Xq h is 

V ( V \ 

proportional to Xg H we have that dH s (Xg H ) = (4> t H )* idH(((p t H )*Xg H ) ) > 

in the region i?~ 1 (0, e#). Also because H satisfies the Liouville vector field 
property, there exists a C s such that oo, C s \ is contained in Hj l (Q) and 

dfn(Xg H ) > in /^ 1 (C< j ,oo). Hence H s satisfies the Liouville vector field 
property for all s > 0. There is a constant C so that oo, C] C i2" _1 (0) 

and dfniVff) > in the region if \ oo, C). Hence the time s flow of 

oo, C] contains if for s S> 1. Because fjj l {— oo, C] is contained inside 
# _1 (0) we have for s > 1 that Hj^O) contains if. 

By Lemma 4.2 there is a growth rate admissible pair {Hr, Jk) such that 
Hk 1 (®) = Gj 1 (0) for some s > and such that Hk = G s on a neighbour- 
hood of if i ^ 1 (0). We assume that s is large enough so that i?^ 1 (0) contains 
if. Hence by Lemma [4. 7| we have that the growth rate admissible morphism 

(SH#(XH K , J K )) -> (SH#(XH, J)) 

is an isomorphism. □ 

Proof, of Theorem |4.1| Let if i be a co mpa ct set whose interior contains 



both H 1 (0) and H' (0). By Lemma 4.8, there is a pair (Hi,J\) with 
ii 1 _1 (0) containing ifi such that the growth rate admissible morphism from 
(SHjT(\Hi, Ji)) to {SHT{\H,J)) is an isomorphism. Choose a compact 
set if 2 whose interior contains H7 (0). Let (iij, J{) be a pair such that 
(ii^) _1 (0) contains if2 and such that the morphism from (SHf(XH' 1 ,J[)) 
to {SH*{XH',J')) is an isomorphism. By repeating this process, we can 
find two more growth rate admissible pairs (H 2 , J2),(H 2 , J 2) such that: 

(1) (ii 1 ) _1 (0) is contained in the interior of iJ-f^O). 

(2) The morphism from (SH*(XH 2 , J 2 )) to (S##(Ai?i, Ji)) is an iso- 
morphism. 

(3) i^ 2 _1 (0) is contained in the interior of (iJ^) -1 ^)- 

(4) The morphism from (SH* (XH' 2 , J' 2 )) to (SH* (XH[, J[)) is an iso- 
morphism. 

Hence we have the following sequence of morphisms: 

(SH*(XH' 2 , J' 2 )) -> (SH*(XH 2 , J 2 )) -> 

(SH*(XH[, J[)) -»• (SH*(XH X , Ji)) 

where co mpo sing any two of these morphisms gives an isomorphism. By 
Theorem 3.2, the middle morphism from the group (SH*(XH 2 ,J 2 )) to 
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(SH*(\H[,J[)) is an isomorphism. Hence (SH*(\H, J)) is isomorphic 
to (SH*(XH', J')). This proves the theorem. □ 

jj 

Corollary 4.9. The filtered directed system (SH*(\H, J)) is an invariant 
of M up to exact symplectomorphism as long as this symplectomorphism 
preserves our choice of trivialization r of the canonical bundle and our class 
b £ H 2 (M, Z/2Z). If M is complete (i.e. the UM-dual of 9m is an integrable 
vector field) then it is an invariant up to general symplectomorphism (again 
preserving (r, b) ). 

Proof. All the properties defining growth rate admissibility, are invariants 



of M up to exact symplectomorphism, hence by Theorem 4.1 we have that 
(SH*(\M, J)) is an invariant up to exact symplectomorphism preserving 
(r, b). Suppose that M is complete. Then it is the completion of some 
Liouville domain M hence by |BTE09l Lemma 1] , if M , M' are symplecto- 
morphic then they are exact symplectomorphic. Hence (SH*(\M, J)) is an 
invariant up to general symplectomorphism preserving (r, b) in this case. □ 
Because its an invariant up to exact symplectomorphism preserving (r, b) , 
we will write: 

(SH*(M,9,X)) 

for any filtered directed system (SH*(\H, J)) where we have chosen some 
growth rate admissible pair (H, J) and a pair (r, b) . 

If (N, 6n) is a Liouville domain, then the interior of N, N° is a finite 
type convex symplectic manifold for the following reason: Let Xg N be the 
d0N-dual of On- By flowing back dN backwards along Xq n , we get that a 
collar neighbourhood of dN is equal to (1 — e, 1] x ON with 9^ = r^OLN- 
Here r^ parameterizes the interval and a^v = 9n\q n . Let g : (1 — e, 1) — > E 
be a function which is equal to near 1 — e and tends to +oo near 1 and 
also that its derivative is positive near 1. We let f N : N° -> R be a function 
which is away from this collar neighbourhood and equal to g(rjsr) inside 
this collar neighbourhood. This shows that (iV ,9^) has the structure of a 
finite type convex symplectic manifold. 

Lemma 4.10. Let (M,9) be a finite type convex symplectic manifold and 
let Xg be the d9-dual of 9 . Let fu : M —> M. be the exhausting function 
such that dfM{Xg) > in f M [C,oo) for some C»0. We define N to be 
the Liouville domain fu \~ 00 > C]- ^ e a ^ so assume that the period spectrum 
of the contact manifold dN is discrete. Then the filtered directed systems 
(SH*(M,9,\)) and (S'-ff^iV , ^| jyo , A)) are isomorphic as long as the choice 
of trivialization r and homology class b for N° is equal to such a choice for 
M restricted to N°. 



Proof, of Lemma 4.10 . Let U C [1, oo) x dN be the partial cylindrical end of 
M obtained by flowing dN along X$ . Let r be the coordinate parameterizing 
[l,oo). We have that 9 = ra inside U where a = 9\gN- By flowing dN 
backwards along Xg we can extend U to U' (containing M \ N) so that it 
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is now a subset of (0, oo) x dN. We also extend r so it now parameterizes 
the larger interval (0, oo). Let h : (0,oo) — > R be a function such that 
h(r) = near r = and /i(r) = r for r > 1 — 5 where 5 > is small. 
We also assume that h > and h' > tor h > 0. We set if to be equal 
to /i(r) where r is well defined and otherwise. We let J be an almost 
complex structure on M such that it is cylindrical on the region {r > 1 — 6}. 
The pair (H, J) is growth rate admissible (this is because it is basically the 
same as the pair from the second example mentioned earlier). The pair 
(H\ N o, J|jv°) is a l so growth rate admissible. Let A C (0, oo) be the period 
spectrum of dN. If A G (0, oo) \ A then all the 1-periodic orbits of XH are 
contained in iV°. Also because J is cylindrical, by Corollary |9.3| all the Floer 
trajectories connecting orbits of XH or continuation map Floer trajectories 
joining X\H and X2H are contained in N°. This ensures that the filtered 
directed systems (SH*(\H, J)) and (SH*(\H\ n o,J\no)) are isomorphic. 
This completes the Lemma. □ 

Lemma 4.11. Suppose that (M,8) and (M',9') are convex deformation 
equivalent, then (SHf(M,9,X)) and {SHf{M' ,9' ,A)) are isomorphic as 
filtered directed systems ( again the choice of trivialization r and homology 
class b for M' must be the same as that of M). 



Proof, of Lemma 4.11 Let fM,Xg,N be as in the previous Lemma. By 
Corollary 8.3, we have that (M,8) is convex deformation equivalent to 
the completion (N,6n)- Let r^ be the cylindrical coordinate of N. We 
can extend the cylindrical end [l,oo) x dN to (0, 00) x dN inside iV by 
flowing dN backwards along the Liouville vector field Xg N . By apply- 



ing Lemma 4.10 twice (once to (M,6) and once to (N,9n)) we get that 
(SHt(M,9,X)) is isomorphic to (SH*{N°,8\ N = 6 N \ N ,X)) which is iso- 
morphic to (SH*(N,0 N ,X)). 

Similarly we have that there is a Liouville domain N such that the fil- 
tered directed system (S 'H* (M' , 9' , A)) is isomorphic to (SH*(N' ,9 n , , A)) 
and such that (M',9 1 ) is convex deformation equivalent to (N',9n')- Be- 
cause convex deformation equivalence is an equivalence relation we get that 
(N,9n) is convex deformation equivalent t o (N , 9^>). Also both (N,9n) 
and (N',9jsf) are complete so b y Corollary |8.6| they are exact symplecto- 



morphic. Hence by Lemma 4.9 we have that the groups {SH*(N,9n, A)) 
and (SH*(N',0n',\)) are isomorphic. This implies that (SH*(M,9, A)) 
and (SH*(M' ,6', X)) are isomorphic. □ 



Motivated by Lemma 4.9 we have the following definition: 



Definition 4.12. For any finite type convex symplectic manifold M, we 
define 

T(M,9) :=T((SH*(M,9,X))). 
Sometimes we write V(M) if it is clear what the Liouville form 9 is. 
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We will show later in Corollary 4.15 that this is the same as growth rate 
as in Definition! 



In some cases, we wish to consider orbits of all actions and not just ones 
of non-negative action. Let (H, J) be growth rate admissible such that 
—9h(Xh) — H > for some Oh where Oh — Om is exact. Let (H\,J\) 
be a smooth family of Hamiltonians parameterized by A > 1 such that 
(H\, J\) = (XH + c\, J) outside a closed subset of U x . Here c\ is a smooth 
family of constants. Basically by the maximum principle we have that 
SH*(H\, J\) is well defined and for Ai < A2 there is a morphism from 
SH*(H\ l , J\ x ) to SH*(H\ 2 , J\ 2 ). Note that outside a closed subset of Ujf , 
XH has no 1-periodic orbits of negative action and hence no 1-periodic orbits 
outside this closed subset. This morphism is induced by the smooth fam- 
ily of pairs (H\,J\) from Ai to A2. Hence (SH*(H\, J\)) forms a filtered 
directed system. 

Lemma 4.13. Suppose that —0(Xh) — H > then (SH*(H\, J\)) is iso- 
morphic to (SH*(M,0,X)). 

Proof, of Lemma |4.13| Because the action of all the 1-periodic orbits of 
XH are non-negative, we have that SH*(XH, J) = SHf(XH,J). This iso- 
morphism commutes with the filtered directed system maps because they 
are continuation maps induced from an increasing family of Hamiltoni- 
ans. Hence the filtered directed system (SH*(XH, J)) is isomorphic to 
(SH*(XH, J)). 

Let q : M — > [0, 1] be a smooth function such that q(x) = for x < 
and q(x) = 1 for x > 1. By joining (XH, J) with (H\, J\) via a smooth 
family of pairs Jjj) such that (H^, J|) = (XH + q(s)c\,J) outside a 
closed subset of U? , we have by the maximum principle a well defined con- 
tinuation isomorphism from SH*(XH, J) to SH*(H\, J\). This monorphism 
commutes with the continuation maps. Also the continuation map induced 
by the family (H^ s , J^ s ) gives us an inverse to the above morphism. This 
is because the composition of these two continuation maps is a continuation 
map induced by some family of pairs equal to (XH + q(s)c' x , J) near infinity 
and these are nomotopic through such families of pairs to the constant pair. 
The constant pair gives us the identity map. 

Hence we have that the filtered directed system (SH*(XH, J)) is isomor- 
phic to (SH*(H\, J\)). Hence we have that (SH* (XH, J)) is isomorphic to 
(SH*(H\, J\)). This proves the Lemma. □ 

Corollary 4.14. Let N be a Liouville domain and let r^ be the cylindrical 
coordinate of N . Suppose also that the period spectrum of dN is discrete. 
Let J be an almost complex structure that is cylindrical near infinity. Let 
(H\,J\) be a family of Hamiltonians such that H\ = Xr^ + c\ outside a 
large compact set K for some family of constants c\. Suppose also that J\ 
is equal to J outside K. Then (SH*(H\, J\)) is isomorphic as a filtered 

11 — 

directed system to (SH*(N,9n,X)). 
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Proof, of Corollary 4.14 Let h : [1, oo) — > R be a function such that h(x) = 
for x near 1 and h(x) = x — 2 for x > 3. Suppose also that h'(x), h"{x) > 0. 
Let H be a Hamiltonian such that H = inside N C N and = h{r^) 
outside TV. Inside TV, -9(X H ) -H = 0. Outside iV, 



) — H = r N ti{r N ) - h(r N ) 



r N 



xh"(x)dx > 0. 



Hence —9{Xh) — H > 0. This pair is growth rate admissible for reasons 
similar to the reason why the second example mentioned earlier is growth 
rate admissible. Hence by Lemma 4.13| we get our result. □ 
The problem is that the growth rate T(M, b) has a different definition 
to t he one given in definition 2.3 We recall the definition here: In section 
2.2, we defined SH^ X (N) for a Liouville domain N which is the direct 
limit of SHjr (H, J) where (H, J) is a pair defined on N and is cylindrical 
at infinity and less than on N. For Ai < A2, there is a natural map 
SH^ Xl {N) -> SH^ X2 (N). This is a filtered directed system (SH^ X (N)) 
whose direct limit is SH*(N). 



Lemma 4.15. The filtered directed sys tem (SH^ X (N)) is isomorphic to 
(SH*(N, 6n, A)). Hence definitions 



2.3 and 



4-12 are equivalent. We assume 



that the period spectrum on N is discrete. 



Proof, of Lemma 4.15 Let (H, J) be the pair defined in the proof of Corol- 
lary 4.14 We will first construct a family of pairs (H\,J\). Let r be 



the cylindrical coordinate of N. We will construct an isomorphism from 
SH*(\H, J) to SH^ X (N) that commutes with the filtered directed system 
maps. 

Fix A > 1. We construct the Hamiltonian H a as follows: H a is constant 
and equal to — - inside N. This construction only works if a is sufficiently 



large. In the region N \ N we let H a = g a (r) where g a (r) 



near r 



1. 



, g'a ( r ) > and g a (r) = a(r — 1 — ^)forr>l + ^. We also require that 



9a 

in a neighbourhood of the region 1 + 



2 

3aA 



< r < 1 + 



6aA 



that g{a) is equal to 



+ (A--) (r -l 



1 

2aA- 3 



)• 



Here is a picture: 
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£ + (A-£)(r-l 



We let J a be anything we like inside N and J a is cylindrical outside N. If 
we have a periodic orbit inside the level set r = c, then its action is cg'(c) — 
g{c). The derivative of this with respect to c is g'(c) + cg"(c) — g'(c) = cg"(c). 
Because g" > we have that orbits in the level set r = c\ have action less 
than or equal to the ones in the level set r = C2 for c\ < C2 . Let e = 1 + . 
All the 1-periodic orbits in the region r < e have action less than or equal to 
eg'{e) — g{e) and all the orbits in the region r > e have action greater than or 
equal to this same quantity. Also because g(r) 
in the region (e — e, e] for e > small, 



-J + (A-&)(r-l 



2aA-3- 



3 1 

eg'{e)-g(e) = e(A - — ) + - 
2a a 



2a\ 



+ (A 



2a 



)(1 



2aA 



+ (A 



2d 



2o 



1 



+ A 



+ 



1 



A. 



e, e , we can use 



3 

2a ' 2a 

Because J is cylindrical and H is linear in the region (e 
the maximum principle Corollary |9,3| to ensure that any Floer trajectory 
connecting orbits of action < A must be contained in {r < e}. 

We can construct another growth rate admissible pair (H' a ,J' a ) where 
(H' a , J' a ) = (H a , J a ) in the region {r < e} and H' a = -± + (A - ^)(r - 1 - 
outside this region. Then SH*{H' a ,J' a ) = SH^ A (H a ,J a ). Also for 



2a\- 
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ai < d2, a similar maximum principle argument ensures that the transfer 
map 

SH* ( H ' ai ,J ai ) -)■ SH* (H' a2 , J' a2 ) 

coming from the family (H' ,., \,J', t , \) is identical to the trans- 

° •> v ai+t(a2— ai)' ai+t(a2— ai] ' 

fer map 

SH^ x (H ai , J ai ) — >■ SH^ x (H a2 , J a , 2 ) 

coming from the family (iJ ai+i(a2 _ ai) , J ai+t(a2 _ ai) ). 

Also because the slope of H' a is equal to A — j- near infinity we have 
that SH*(\H,J) is isomorphic to lu^ a SH*(H' a , J' a ). Hence SH*(\H,J) = 

SH^f (TV) because hm SH*(H' a , J' a ) is equal to lim^ (-ffa, </a)- By en- 

suring that the pairs (H a , J a ),(H' a , J' a ) smoothly increase with A and look- 



ing at the resulting continuation maps (and by Corollary 9.3 we get that 
the filtered directed system maps for (SH*(\H, J)) are identical to the 



ones for (SH^ X (N)). Hence these directed systems are iso morph ic. Hence 



(SH?(N,9 N ,\)) is isomorphic to (SH^ X (N)) by Corollary 

We will now prove Theorem |2.4| which says that growth rate is an invariant 
of a finite type Liouville manifold up to symplectomorphism. 



4.14 



□ 



Proof, of Theorem 12.41 By Corollary 4.15 we h ave that growth rate is equal 

// ' — ' — i i 

to T(SH? (M, 9 M , A)). By Lemmas 4.9 and 3.1 we have that the growth rate 



jj 

r(SH*(M,0M,ty) is an invariant of M up to symplectomorphism. Hence 
r(M) is an invariant of M up to symplectomorphism preserving the class 
b € H 2 (M, Z/2Z) and the choice of trivialization r. □. 



4.2. Growth rate of cotangent bundles. We let K be a field. Let (Q,g) 
be a Riemannian manifold, and let L x := L- x2 (Q,g) be the space of free 
loops of length < A 2 . For Ai < A2 we have a natural inclusion L Xl > L X2 . 
This gives us a filtered directed system (H*(L X ,K)). We define T(Q,K) to 
be equal to F((H*(L X , IK))). Note that Q has exponential growth if and 
only if there is some field K such that r(Q,K) = 00. We define 0J2 £ 
H 2 (T*Q, Z/2Z) to be the pullback of the second Stiefel- Whitney class of Q. 
We also have a canonical choice of trivialization tq of the canonical bundle 
of T*Q induced by the volume form on Q. The cotangent bundle T*Q is the 
completion of the unit cotangent bundle D*Q which is a Liouville domain. 
Let 9q be the Liouville form on T*Q. This is locally equal to Y2iPidQi where 
Pi are momentum coordinates and qi are position coordinates in Q. In this 
section we will prove: 

Theorem 4.16. The filtered directed systems (H*(L X )) and 
(tq,lo 2 ))) are isomorphic. 

This means we get the following Corollary: 



Corollary 4.17. T(T*Q, {tq,lo 2 )) = T{Q). 
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Before we prove this theorem we need a slightly different definition of 
growth rate. Let (N,6n) be a Liouville domain. Let be the radial 
coordinate for the cylindrical end dN x [l,oo) of N. We assume that the 
period spectrum of the contact boundary dN is a discrete subset CP of M. 
We say that a Hamiltonian H : S 1 x N — > M. is quadratic admissible if: 

(1) there exists constants b, b' E K such that H + b < ^rfj < H+b' in the 
region > 1. We also require that: rjy + b < dH{^—) < rjy + 6'. 
This ensures that if H has some 1-periodic orbit inside the region 
ct < rjy < /3 then its action is greater than a (a + 6) + b' — \(3 2 and 
less than (3(/3 + b') + b- \a 2 . 

(2) There is a sequence l\ < li < ■ ■ ■ tending to infinity such that 
k £ IP and H = \r 2 N + d t on a small neighbourhood of the hyper- 
surface {r^r = h} where d% is a constant (in particular H has no 
1-periodic orbits near these hypersurfaces). This also ensures that 
the 1-periodic orbits starting at say = a do not stray too far 
away from this hypersurface. 

(3) the sequence li satisfies Zi/Zj-i < k where k is a constant. 

(4) We need that H > l^r^ — \l 2 + dj in the region r^v > k- 

By Lemma 2.2 we can perturb any quadratic admissible Hamiltonian so it 
becomes non-degenerate and remains quadratic admissible. Let H be such 
a Hamiltonian. We also define an almost complex structure J such that J 
is equal to some cylindrical almost complex structure on a neighbourhood 
of -fr/v = k} for each i. We say that J is compatible with H if this is true. 
Such a pair (H,J) is said to be quadratic admissible. Lemma 9.1 tells us 
that we can define SH^ X (H, J) (see |Rit98, Section 21.3] for an alternative 
way of defining this) . These groups form a filtered directed system where all 
the filtered directed system maps come from the natural inclusions. Hence 
we have a filtered directed system (SH^ X (H, J)). 

<A 2 

Lemma 4.18. The filtered directed system (SH^- (H, J)) is isomorphic to 
(SH^ X (N)). 

We need a preliminary algebraic lemma. 

Lemma 4.19. Let (V x ), (V£) be two filtered directed systems and let 1 < 
l\ < I2 < • • • be a sequence tending to infinity such that h/h-i < K for 
some constant K. Suppose for each x E [l,oo) we have a map p x j from 
V x to V/ whenever L > cx where c > 1 is some constant. We assume that 
p x commutes with the filtered directed system maps (i.e. if a x , y ■ V x — >■ V y 
and a^j : V[. — > V(, are filtered directed system maps then we require that 
Py,j° a x,y = o! i jOa Xi i). Suppose we also have maps p\ x : V( — > V x for li < c'x 
which also commute with the filtered directed system maps (here c' > 1 is a 
constant). Then (V x ) is isomorphic to (V x ). 



Proof, of Lemma 4.19 Let a XjV : V x — > V y and a' x : V x — > V' be the 



directed system maps. We first construct a map <fi : V x — > V' Kx as follows: 
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choose U so that 1 < k/x < K. We define <f> as a[. Kx o p x ^. We can define 
(j)' : V% — > V' Kx in a similar way as p\ Kx o a' xl ,. Because p x ,i,p'i x commutes 
with the directed system maps, we have that <j> o <fi' and <fi' o (j) are directed 
system maps and hence we have an isomorphism. □ 



Proof, of Lemma 4.18 We have a sequence l{ satisfying < k where 



H = ^r^r + di in a neighbourhood of = l{. Here di is a constant. We 
define Hi as follows: 

(1) Hi = H in the region <U — 8i where 5j is a very small constant. 

(2) Hi = /i(rjv) on a small neighbourhood of h — 5i < < U where 
fi, fi > 0. We can then ensure that Hi has no orbits in this neigh- 
bourhood. 

(3) Hi = lirjy — ~lf + di in the region rjy > h- 

(4) H > Hi for all i (this can be done by the last condtion that a qua- 
dratic admissible Hamiltonian satisfies). We also want that < 
Hi for all i. 

Let -KT S , s > 1 be a smooth family of Hamiltonians such that: 

(1) ^>0. 

(2) X s is linear at infinity of slope s. 

(3) K U = H^ 

We have that (SH*(K S , J)) is a filtered directed system. 

Because every orbit is contained in a region of the form < < li 
and 

k-i(k-i + b) + b' - hf < -e N {x H ) -h< kik + b') + b- hti 

we have constants A,B so that any orbit starting on the level set = 
c must have action between Ac? and Be?. Choose 1% so that Alf > A 2 . 
All orbits of H and K\. of action < A 2 are contained inside the region 



rjy < The maximum principle (Corollary 9.2) ensures that all Floer 
trajectories connecting these orbits must be contained inside < li. Hence 
SH^ X (H, J) = SH^ X (K^, J). We have a natural map: 



SH$ a (K h ,J)->SH.(K k ,J). 

Composing these two maps gives us a natural map 

px,i:SH?(H,J)^SH*(K h ,J). 

Because the filtered directed system maps for H are induced by inclusions 
and the filtered directed system maps for K s are induced by non-decreasing 
families of Hamiltonians we have that p\ j commutes with the filtered di- 



rected system maps as described in the statement of Lemma 4.19 

Now choose A so that Blf < A 2 . Then all orbits of Ki have action < A 2 . 

< A 2 

So the subcomplex of Ci 7 *- (H, J) generated by orbits in the region < li 
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is isomorphic to the chain complex CF^K^, J). Hence there is a natural 
morphism 

p'^:SH4K k ,J)^SH^ x2 (H, J). 
These mor phism s also commute with the natural directed system maps. So 



by Lemma 4.19, (SH^- (H, J)) is isomorphic to (SH*(K S , J)) which in turn 



by Corollary 4.14 and Lemma 4.15 is isomorphic to (SH*(N, A)). □ 



< A 

Proof, of Theorem 4.16 By Lemma 4.18 we get that (SH^- (H,J)) is 
isomorphic to (SH*(T*Q, 9q, A)) for any quadratic admissible pair (H, J). 
Using the metric on Q, we have a functional S defined on the loopspace 

LQ given by sending a loop I : S 1 = M/Z ^ Q to J J* \l'(t)\ 2 dt. We 

have that H„ : (S^ 1 (— oo, A]) is a filtered directed system where the directed 
system maps come from the natural inclusion maps. From [SW061 Corol- 
lary 1.2] we have a quadratic admissible pair (H, J) with the property that 

< A 2 1 

there is an isomorphism SH^ (H, J, (tq, oj^)) — H*(S~~ (—oo, A]) for all A. 
This isomorphism commutes with the directed system maps as well. Hence 

< A 2 1 

we get that (SH* (H, J, (tq, 0J2))) is isomorphic to (H*(S~ (— 00, A]) as 
directed systems. Let L^Q be the set of loops I of length < A such 
that \l'(t)\ is constant. This space is homotopic to L X Q. We have that 
S(l) is equal to the length of I when I G L^ T . The result in |Ano81] 
tell us that the inclusion L^Q.Q > S'~ 1 (— 00, A] is a homotopy equiva- 
lence. Hence L- x is homotopy equivalent to S' _1 (— 00, A]. We now get that 
(SH^ X (H, J, (tq, U2))) is isomorphic to (H*(L- X Q)) as directed systems. 
Hence (SHf (T*Q, 6 'q, A, (tq, 002))) is isomorphic to (H*(L X )) as directed 
systems. □ 

4.2.1. The growth rate and fundamental group. Let G be a finitely generated 
group, and let A := {g\, ■ ■ ■ , g^} be a set of generators for G. Let G cong be 
the set of elements of G modulo conjugacy classes. Let rj be the number 
of elements of G con& which can be expressed as a product of at most i gen- 
erators. We define r cong (G) to be linn, l °^ r - ■ This definition is independent 
of the choice of generators. The reason is as follows: Suppose g[, ■ ■ ■ ,g' k , is 
another set of generators, then all we need to do is show that the growth 
rate associated to A is the same as the growth rate associated to the union 
of the generators: B := {g\, ■ ■ ■ ,gk,g[, ■ • • ,g' k i}- Let r\ be the number of 
elements of G cong which can be expressed as a product of at most i elements 
of B. Then rj < r\ because A C B. We have that there exists a K £ N 
such that each element of B can be expressed as a product of at most K 
elements of A. Therefore r- < Kri for all i (where K is independent of i). 
Hence the growth rates are the same. 

Lemma 4.20. Let Q be a compact oriented manifold, then 

r(Q)>r C0 ^(vr 1 (Q)). 
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Proof. We need to show the following fact: there exists a constant P de- 
pending only on Q such that for every pair of free loops 71,72 in Q, there 
exists a free loop 7 and elements k\ and k 2 of 717 (Q) such that 7, represents 
the conjugacy class [hi], and 7 represents the conjugacy class [fci-fo] with 
l(rf) < '(71) + ^(72) + P- Here I denotes the length of a loop with respect 
to the metric g. This is done as follows: Choose a constant P such that for 
every pair of points (ft, #2 E Q, there exists a path joining them of length 
< |P. Also choose a basepoint a 6 Q. Join 71 and 72 to a using paths of 
length < \P- This gives us elements k±,k 2 E 717 (Q, a). The composition of 
such loops gives us a loop of length < /(71) + £(72) + P- 

Let gi, ■ ■ ■ , gk be generators for 717 (Q, a). Let C be a constant greater than 

l(gi) for each i. For C > 1 we have that rauk(i?Q ^ c (,£(3)) is an upper 
bound for the number of loops of word length < c. Also the growth rate 
associated to H^ C+P ^ C (LQ) is the same as the growth rate of H^ C (LQ). 
Hence T(T*Q, (tq,oj 2 )) is an upper bound for r con s(vri(Q)). □ 

Lemma 4.21. Let G be the free product of 3 non-trivial groups then 

T con 9{G) = 00. 



Proof, of Lemma 4.21 Let G = A-kB-kC where A, B, C are non-trivial. Let 
a, b, c be non-trivial elements in A, B, C. Choose a subset / C {1, • • • , k}. 
Let qi(i) be a function which is 1 if i E / and otherwise. Let ai := 
bcUt=i{a qi ®)(bc) 1 - qi ®). 

Every element of G can be written uniquely in the form / := Yii=o 
where hi E A or B or C and is not in the same group A,B,C as hi. 
There is an I' < | such that hi = hj^ for all i < I' . The element n!=z'+i ^* ^ s 
called the conjugation interior of /. We can conjugate / by some element g 
so that the conjugation interior is of the form fli=z'+i ^* where /i/'+i is not in 
the same group A or B or C as hi-y-i. This is called a standard conjugation 
interior. If we have some element IIj=i hj as described above then a rotation 

of Y\j=i h'j is the operation where we replace it with h\ Ilj-=i or we do 
the reverse. 

If I conjugate / by any element g then the standard conjugation interior 
can only change by a sequence of rotations. 

The conjugation interior of aj is equal to aj and it is standard. Hence 
if ay is conjugate to aj then I = I' + j where we view {1, • • • , k} as the 
cyclic group with k elements. We say that I' is a rotation of I if I = I' + j 
for some j E Z. Also the word length of all these a/'s with respect to the 
generators a, b, c are all the same. This word length is between 2 + k and 
2 + 2k. Hence the number of conjugacy classes of elements of G of word 
length between 2 + k and 2 + 2k in a, b, c is at least the number of subsets 
I C {1, • • • k} modulo rotation which is at least =j-. Hence the growth rate 
of G is bounded below by the growth rate of and hence is infinite. □ 
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5. COMPACTIFICATIONS OF ALGEBRAIC VARIETIES 

5.1. Making the divisors orthogonal. Let (M, uS) be a symplectic man- 
ifold of dimension 2n. Let Si,-- - ,Sf, be symplectic submanifolds of real 
co-dimension 2. For each J C {1, • • • , k} we define 5/ to be flig/Sj. We say 
that Si,-- - , Sk are symplectically intersecting if they intersect transversally 
and Si is a symplectic submanifold for each I C {1, • • • ,k}. For any sym- 
plectic submanifold S C M, we define its u-orthogonal bundle NS to be the 
vector subbundle of TM\s given by vectors u satisfying a; (it, v) = for each 
u E T5. 

Definition 5.1. We say that Si, ■ ■ ■ ,Sk intersect positively if 

(1) They are symplectically intersecting. 

(2) Let I C {1, • • • ,k} be a disjoint union L\ U I2, N\ the u) -orthogonal 
bundle of Si inside 5/ 1 and N2 the uj- orthogonal bundle of Si inside 
Si 2 . The bundle TSi © N\ © N2 is isomorphic to TM\$. Each 
bundle TSi,Ni and N2 has an orientation induced by uj and hence 
their direct sum does. We require that the natural orientation on 
this direct sum matches the orientation induced by ui n on TM\$. 

Definition 5.2. Let Qi,— ,Qi be a collection of symplectic submanifolds 
of any dimension. Let U be any subset of M. We say that Qi, - ■ ■ , Qk are 
orthogonal along U if for each i,j E {1, • • • ,k} (i 7^ j) and x £ UPiQiH Qj, 
the uj orthogonal normal bundle to Qi at x is contained in TSj . We just say 
they are orthogonal if they are orthogonal along M. 

The aim of this section is to deform positively intersecting submanifolds 
so that they become orthogonal. 

Lemma 5.3. Let Si,-- - ,Sf. be any finite set of positively intersecting sym- 
plectic submanifolds. There is a smooth family of positively intersecting 
symplectic submanifolds Sj such that 

(1) Sf = Si for allie {I, - ,k}. 

(2) All the Sj intersect orthogonally. 

(3) S{ = S k . 

We need some preliminary lemmas and definitions before we prove the 
above lemma. 

Lemma 5.4. Suppose we have k smooth families of symplectic submanifolds 
Si,- - ■ ,Sf, parameterized by t £ [0, 1] and that S\, ■ ■ ■ ,S l k are symplectically 
intersecting for each t. Suppose also that S®, ■ ■ ■ ,S2 are positively intersect- 
ing. Then for each t, S\, • ■ ■ ,St o,re also positively intersecting. 



Proof, of Lemma 5.4 For / C {1, • • • , k} let 5} be equal to Ci^iSf. If / 
is the disjoint union of L\ and L2 then we define N\ to be equal to be the 
w-orthogonal bundle of Sj inside Sj. . We have a smooth family of bundles 
TSj © N( © 2V|, and the orientation of TS^ © N$ © N$ agrees with that of 
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TM\ s o. Hence because we have a smooth family of bundles, the orientation 
of TSj © JV| © N\ agrees with the orientation of TM\ s t. □ 
From now on, M 2n is the standard symplectic vector space with coordi- 
nates xx, 2/1, ■ • • ,x n ,y n and symplectic form w stc j = X^r=i ^ ^ ^Vi- 

Lemma 5.5. Let Si,-- - ,Sk be codimension 2 symplectic vector subspaces 
of M 2 ™ suc/i that Sk = {x n ,y n = 0} and where Si,-- - ,Sk are positively 
intersecting. Then for all [i > 0, Si, ■ ■ ■ , Sk are positively intersecting with 
respect to the new symplectic form := uj st d + ^dx n A dy n . 



Proof, of Lemma 5.5 Let I C {1, • • • , k}. If k G I then Si is a subset of 
Sk, hence uj^ restricted to Si is equal to w s td restricted to 5/ and hence 
Si is symplectic with respect to uj^ for all fi > 0. Now suppose that k ^ 
/. Then 5/ is transverse to Sk- Let F be the w s td orthogonal subspace 
of Si to Si H Sk C Si. This is a two dimensional symplectic subspace. 
Let N be the w st d orthogonal bundle to Si n inside iS&. We know that 
N © (S/ fl S'fc) © F has the same orientation as M. 2n because Si,-- - ,Sk are 
positively intersecting. Also N © (5/ n Sk) has the same orientation as Sk 
because N and Si are u s td orthogonal. Hence the orientation on F is the 
same as the orientation induced by restricting dx n A dy n to F. Hence 
restricted to F is a volume form on F for all \x > 0. Also -F is still orthogonal 
to Si fl Sk inside Si with respect to because uj^V, W) = w st d(V, W) for 
all vectors V, W where V is tangent to Sk- Hence restricted to Si is still 
a symplectic form. 

So Si, • ■ • , Sk is symplectically intersecting with respect to uj^ for all \x. 
Because Si,-- - ,Sk are positively intersecting with respect to ljq = w st d 
we have by Lemma 5.3 that Si, ■ ■ ■ ,Sk are all positively intersecting with 
respect to u;^ for all fi > 0. □ 

Lemma 5.6. Let Si, ■ ■ ■ , Sk be transversally intersecting codimension 2 
vector subspaces of M? n such that Sk = {x n ,y n = 0}. Suppose that Si n 
Sk, • • • ,Sk-i n Sk are symplectically intersecting inside Sk, then for large 
enough fx > we have that Si,-- - , Sk are symplectically intersecting with 
respect to the symplectic form := uj st d + ^dx n A dy n . 



Proof, of Lemma 5.6 Let J C {1, • • • , k}. If k E I then Si is a symplectic 
manifold with respect to ui^. From now on we will assume that k ^ L. We 
have that 5*/ intersects Sk transversally. Let F C Si be the vector subspace 
of Si which consists of vectors which are w s td orthogonal to SidSk- First of 
all F is of dimension at least 2 because the set of vectors uj s td orthogonal to 
Si n Sk inside M 2n is 2(| J| + 1) dimensional and Si is 2(n — |/|) dimensional. 
Here |/| means the number of elements in /. Also F has dimension at most 
2 because it must be orthogonal to Si fl Sk inside Si. Hence Si is equal to 
(Si fl Sk) © F and uj st( i restricted to Si splits up under this direct sum as 
uj\ © ui2 ■ Because Si fl Sk is symplectic by assumption we have that to\ is a 
symplectic form. Also dx n A dy n restricted to F is a non-degenerate 2-form 
because F is 2-dimensional and transverse to Sk- So for large enough \x, 
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W2 + fJ,dx n A dy n \p is a sympectic form on F. Hence u s td + ^dx n A dy n is 
a symplectic form on Sj for large enough a. Hence we have shown that Si 
is symplectic for all I with respsect to uj st( i + \idx n A dy n for large enough 
// > 0. □ 
We have a parameterized version of this lemma that will be needed where 
we have a continuous family Sf , ■ ■ ■ , parameterized by q £ Q where Q 
is some compact topological space. The result is that Sf, ■ — , S?,, Sk are 
symplectically intersecting with respect to uj^ for ^ sufficiently large. 

Lemma 5.7. Let Sk be a co- dimension 2 symplectic vector subspace o/R 2n . 
Let Ai, ■ ■ ■ ,Ak-i be symplectically intersecting symplectic vector subspaces 
of Sk- Let H be the space of (k — 1) -tuples of 2n — 2 dimensional symplectic 
vector subspaces (Si,-- - ,Sk-x) of M? n such that Si," - ,Sk are positively 
intersecting and such that Si n Sk = Ai. If H is non-trivial then it defor- 
mation retracts onto the point (Ai + S^r, ■ ■ ■ ,Ak-i + Su) where S^r is the 
symplectic orthogonal subspace to Sk- 
in particular we also get that {A\ -hSi L , • • • , Ak-i + 5'^") are also positively 
intersecting and hence Ai, ■ ■ ■ , Ak-i are positively intersecting inside Sk- 



Proof, of Lemma 5.7 By a linear symplectic change of coordinates we 
can assume that Sk = {x n ,y n = 0}. We will show that ¥> is weakly con- 
tractible and hence contractible. Let Si,'" ,Sk—i be a point in H. The 
subspace Su ... ^-i} is at least two dimensional and transverse to Sk- Let 
W C S/i,... be a two dimensional symplectic vector subspace trans- 
verse to Sk- Such a subspace exists for the following reason: We have that 
Si," - ,Sk intersect transversally and because these are codimension 2 vec- 
tor subspaces we have that k < n. Hence S/i,... ,k-l\ nas codimension at 
most 2(n — 1) which means that it is at least 2 dimensional. This space is 
also transverse to Sk- Hence we can find such a two dimensional subspace 
W. The vector subspace W is also contained in Si for each 1 < i < k — 1. 
Hence Si is a direct sum of vector spaces (Sir\Sk)®W for each 1 < i < k— 1. 
Let Sf," ■ , be a family of points in "B continuously parameterized by 
points q in some sphere S m . Let 4> q : M 2 — > D^~^Sf be a continuous fam- 
ily of linear embeddings parameterized by q such that the image of <p q is 
transverse to Sk- Now choose a continuous family of maps <f>1 : M 2 — > M. 2n 
parameterized by {q, t) E S m x [0, 1] such that they are linear embeddings 
transverse to Sk, <Pq = 4> q and such that <j>\ is a linear isomorphism to Su- 
We now have a family of transversally intersecting (not necessarily symplec- 
tic) vector subspaces Sf := Ai © image We have that Sf" = Sf and 



Sf = Ai © Sj: . By (a parameterized version of) Lemma 5.6, we have that 
Sf 1 is symplectically intersecting with respect to w M := cj stc i + ndx n A dy n 
where \i > is very large (here we really need that Sf is parameterized by a 
compact family and this is why we need to prove weak contractibility first). 
Let $n be a linear automorphism sending (x±,yi, • • • , x n _i, y n -i, x n ,y n ) to 
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(x\,yi,--- ,x n -i,y n -i,x n , J ^j 1 y n ). Then $*o; M = u std . This automorphism 
also preserves Sk and Sjjr, so = S*^' 1 



By Lemma 5.5 we have that ^ Sf' is positively intersecting for all t G 



[0,1]. We concatenate the isotopies &^Sf'° and 3>£<Sf'* giving us a new 
family of vector subspaces (erf 1 , • • • , o - ?^) defined as follows: 

(1) ForiG[0,I],af = ^Sf. 

(2) For t € [i 1], of = «S* 2t ~\ 



2' J' i M 



By Lemma 5.4 we get that (of' , • • • , cfLi, ^ k ) are positively intersecting be- 



cause (erf , • • • , 0fcL l3 fiijfe) are. Hence (af , • • • , cr^'_ 1 ) are points in 23 param- 
eterized by q E 5 m starting at Sf, • • • , S^-i and ending at A\®S^, ■ ■ ■ , Ah® 
Su. Hence 23 is weakly contractible and hence contractible. □ 

Lemma 5.8. Let §k be the space of k-tuples of positively intersecting 2n — 2 
dimensional syraplectic vectoor subspaces Si, ■■■ ,Sk of~M? n .Then §k defor- 
mation retracts onto the space of positively intersecting u s td orthogonal vec- 
tor subspaces ofM? n . 



Proof, of Lemma 5.8 Throughout the proof of the Lemma, we use the 
following fact: suppose that I have a fibration p whose fibers deformation 
retract to the fibers of a subfibration p' . Then the total space of p deforma- 
tion retracts to the total space of p' . 

We proceed by induction on dimension. Suppose this is true for all M? 1 
with I < n and consider M. 2n . We define Sflj as the space of positively 
intersecting 2n — 4 dimensional symplectic vector subspaces A\, ■ ■ ■ , A/.—1 of 
Sf.- Then this deformation retracts to the space of orthogonally intersecting 
subspaces by our induction hypothesis. 

We have a fibration: 

P : S fc -» §i 

sending (Si,-- - ,Sf.) to Sk- We have an inclusion ^ P~ 1 (5/ c ) send- 
ing A\, • • • , Ak-i to {A\ + S^, • • • , Ak-i + Spjr) where S^r is the symplectic 
orthogonal subspace to Sk- So from now on we view as a subspace 

of P~ 1 (Sk) and the union U5 fee g 1 S^ 1 as a subfibration of P. The fiber 
P~ l (Sk) is also a fibration Q : P -1 ^.) -» S.^ where Q(Si,--- ,5fc) := 
(Si n Sfc, • • • Sk-i H Sk)- The fiber of Q over a point (Ai, • • • , Ak-i) consists 
of subspaces B%, ■ ■ ■ B^-i positively intersecting Sk such that Bid Sk = Ai. 
This deformation retracts to the point (A\ + Sjjr, • • • , Ak-i + S%) by Lemma 
5.7 Hence P~ 1 (Sk) deformation retracts to the space wn i cn by our 
induction hypothesis deformation retracts to the space of orthogonally inter- 
secting subspaces of M 2n_2 . This implies that §k deformation retracts to the 
space of orthogonally intersecting subspaces. This proves our Lemma. □ 

Lemma 5.9. Let S C M be a symplectic submanifold of M . Suppose that 
the ijj -orthogonal bundle tts ■ NS -» S has structure group G C U(n). Then 
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there is a neighbourhood US and a projection p : US -» S whose fiber is 
symplectomorphic to the ball B e of radius e and such that its structure group 
is G and whose fibers are orthogonal to S. 

There is also a vector field L on US whose flow (fit is well defined for all 
negative t and such that e l ((fi-t)*ujus = ^us + (e* — 1)tt*los where ujus an d 
ujs are the symplectic forms on US and S respectively (here S is identified 
with the zero section). Inside the fiber B e C C n , this vector field is equal to 
where (rj, dOi) are polar coordinates for the ith factor ofC in C n . 



Proof, of Lemma 5.9 This proof is very similar to the proof of [MS98, 
Theorem 6.3]. Let (y a ) a ^A be a finite covering of S with trivializations 
V a x C n of the symplectic fibration. Choose a partition of unity p a : V a — > M. 
subordinate to this cover. Let 7rc" be the natural projection from V a x C™ 
to C n . We define a a := YlirfdOi where (ri,9i) are polar coordinates for the 
ith C factor of the fiber C n . We write r := ^2 a d((p a oirg)a a ) which is equal 
to 



Because a a restricted to the zero section is zero and TS is in the kernel 
of da a , we have that ojus '■= vr^wls + r is a symplectic form on a small 
neighbourhood of the zero section. This is because \\d(p a o its) A a a \\ is 
small relative to \\p a o 7rsda a \\ and ||7r<jo;|,s|| near the zero section. Let NS e 
be the open subset consisting of vectors of modulus less than e where e 
is small enough so that uijjs is still a symplectic form on NS e . We have 
by a Moser theorem [MS98, Theorem 3.3] that for some e small enough, a 
neighbourhood of S is symplectomorphic to NS e . This has structure group 
G and fibers B e . 

The fibers are orthogonal to S because if we have any vector v tangent 
to S and another one w tangent to the fiber, then tt* s oj\s(v,w) = because 
w is in the kernel of this symplectic form. Also d{p a o its) A a a (v,w) = 
because a a vanishes on S. Finally da a (v,w) vanishes because TS is in the 
kernel of da a . Hence ujjs{v } w) = and hence the fibers are orthogonal to 
S. 

Let L be the vector field on NS e which is tangent to the fibers of its 
and equal to ^ r ~i~§f on the fibers. This is well defined because ^ ^ s 
invariant under the U(n) action on C n . We have that the Lie derivative of 
Pa ° its-Pa with respect to L is p a o irs.a a (because the flow of L does not 
change p a o ws)- Hence ((fit)* 7 ' = e * r where (fit is the flow of L. Hence 

e t ((fi-t)*^us = (e* - l)u)\s + uj us - 

□ 



Lemma 5.10. Let p : US -» S be a fibration described in Lemma 5.9 and 
let N C N' be open subsets of the zero section such that the closure of N is 
contained in N' (S here is compact and it may or may not have a boundary). 
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Let Si,-- - ,Sk be positively intersecting co-dimension 2 submanifolds such 
that 

(1) DiSi is the zero section. 

(2) Si intersects the fibers transversely. 

(3) Si intersect orthogonally on p^ 1 (N') 

(4) SiC\p~ 1 (q) is a symplectic vector subspace of B e C C ra for each q G S. 
Then there is a family of manifolds Sj (t £ [0, 1]) 

(1) Sj are positively intersecting symplectic manifolds with respect to the 
symplectic form ujus + Tp*cos for sufficiently large T > 0. 

(2) CiiSj is the zero section. 

(3) Sf = S l . 

(4) s t i n P - 1 {N) = s i n P - 1 (N). 

(5) Sj are all orthogonal along the zero section. 

(6) Sj = Si outside some neighbourhood of the zero section. 



Proof, of Lemma 5.10 



By Lemma 5.8, there is a family of submanifolds Wf of US transverse to 
all the fibers such that 

(1) Wf C\p~ 1 (q) are positively intersecting symplectic vector subspaces 
of p~ 1 {q) for all q £ S. 

(2) Wf intersect each fiber of p transversely. 

(3) Wf = Si. 

(4) Wf = Si onp _1 (iV) 

(5) W} C\p~ l {q) are orthogonal inside p~ 1 (q) for all q £ Si. 

Note that W\ become positively intersecting symplectic submanifolds with 
respect to the symplectic form uus + Tp*^s for all sufficiently large T > 0. 

For each s G [0, 1], we can construct (using a bump function) a smooth 
family of co-dimension 2 submanifolds t//' 4 (t £ [0, 1]) such that If*'* = Wf 
outside some closed subset of US containing the zero section, U-' = Wf 
near the zero section and U^' s = Wf. We can also assume that U?' = Wf 
on p~' 1 (N) because Wf = W\ in this region. For each s, there is a constant 
5 S > such that for all t £ [s — 5 s ,s + S s ], U*' ,U^ 1 are positively 
intersecting symplectic submanifolds with respect to ujus + Tp*ojs for all 
sufficiently large T > 0. We also assume that 17*' are transverse to all the 
fibers of p for all t £ [s — S s , s + S s ]. 

Let L be the vector field described in the statement of Lemma 15.91 and 
let 4>t be its flow. For any S > we have that is still a symplectic 

submanifold with respect to the symplectic form lous + Tp*uis because 

e s (^sT(uus + Tp*io s ) = u us + (T + 2e s - l)p*u s . 

From now on we define 4>-T(Uf' ) to be equal to 0_r(Z7*' ) inside 4>-t{US) 
and equal to Uf' outside c/)-t(US). This is a well defined symplectic man- 
ifold because Uf' C\p~ l (q) is linear outside some closed subset of US con- 
taining the zero section for all q £ S and the flow of L is tangent to any 
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submanifold with this property. We also have that (17*' ) are all pos- 
itively intersecting symplectic submanifolds. Also because L is tangent to 
the fibers of p, we have that is transverse to all the fibers. 

By compactness, there exists a finite sequence s\ < S2 < • • • < si such that 
the intervals (sj, Si + S Si ) cover (0, 1]. This is because we can choose si = 
and then cover [S S1 , 1] with the open intervals (sj, Sj + S Si ) by compactness. 
We assume that s; = 1 and G (sj, Sj + 5 Si ). 

The submanifold (^-^(JJ?'*) is still equal to W/ outside some closed subset 
of US containing the zero section and equal to Wf near the zero section. 
Suppose we have found a family Sj (t G [0, s m -i]) such that Sj = Si outside 
some relatively compact open set O and such that Sf™" 1 = W-™- 1 near 
0. We also suppose that Sj = Si on p~ 1 (N). We now consider s m . Let 
O m C O be an open set containing the zero section such that S^™ 1 ' 1 = W^ 771 ' 1 
on a neighbourhood of the closure of O m for all i. For T large enough, 
we have Gt := 0_T(i7/ m_1 ' ) is equal to W/™" 1 inside a neighbourhood of 
the closure of US \ O m . Note that Gt is well defined for t G [s m _i,s m ] 
because (s m _i - S 8m _ 1} s m -i + 5 Sm _i) contains [s m -i, s m ]. We define Sj for 
t G Sm-ii^m] to be equal to S^ m 1 outside O m and equal to Gt inside O m - 
This is a manifold because these manifolds agree on the boundary of O m 
and just outside O m . Also we have that 5* m is equal to W^ m near because 
U. m - 1,Sm does. We have that S 1 * = S< on p _1 (JV) because U/'* has this 
property and the flowing along L preserves this property. 

Hence by induction we have constructed a family S\ equal to Si outside 
O and such that S^ 1 = Sf is equal to W} near the zero section. Because W} 
are orthogonal at the zero section, we get that S\ are also orthogonal at the 
zero section. Finally S\ = Si on p _1 (iV). This proves the Lemma. □ 

Lemma 5.11. Let S%, ■ ■ ■ ,Sk be positively intersecting symplectic manifolds 
in M and S[,--- ,S' k in M'. Let NSi,NSl be their respective symplectic 
normal bundles. Suppose that there is a series of symplectomorphisms <f>i : 
Si —> S^ and symplectic bundle isomorphisms Nfa : NSi —> NS^ covering 4>i 
such that cj)i, tfij and Nfc, Ntfij agree when restricted to Si D Sj for all i,j. 

Then there is a symplectomorphism from a neighbourhood of UiSi to a 
neighbourhood ofVJiS[ such that ^\s 4 = <pi and Z?$|jv5 i = Nfa. 

Suppose in addition that a neighbourhood NSi of Sj is identical to a 
neighbourhood of NS'j and that for i G /, 4>i an d N<j>i restricted to Si is the 
identity map for all i. Then we may assume that is Hamiltonian near Si 
and C 1 small. 



Proof, of Lemma 5.11 We will first construct a diffeomorphism ^ from 
a neighbourhood of UiSi to a neighbourhood of UjS^ such that ^f\s { = (pi 
and D^l^Si = N(f>% (i.e. every vector v in N x Si is sent to a vector in 
Nfaf x \Sj equal to N(j>i(v)). We do this by induction: Suppose that we have 
found such a symplectomorphism ty' on a neighbourhood of U^ 1 ^ and 
consider U^ 1 S , j. By using an exponential map we have a diffeomorphism 
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4> m from a neighbourhood of S m to a neighbourhood of S' m such that D<p m 
induces the morphism N<p m . On U™"^ 1 (S'j n S m )) we have that (j> m and 
agree. Also -D</> m |, ,m-i„ is equal to -D^'l, ,m-i„ . Hence if we look at 
their graphs inside M x M', they are tangent along (U^ 1 (S'j n S m ) x M' 
so we can perturb the graph of <j) m by a (7 1 small amount so that it still 
stays the graph of a diffeomorphism fa and such that it agrees with VP' on 
a neighbourhood of U^ 1 (Si n S m ). Hence we can extend over S'm, with 
the appropriate properties. 

Finally, we can use a standard Moser deformation argument to deform \I/ 
into a symplectomorphism $ such that the differential of at UjS'j agrees 
with the differential of ^ at UjiSj. This ensures that $ has the properties 
we want. 

Now suppose in addition that a neighbourhood NSi of Si is identical to 
a neighbourhood of iVS'j and that for i e I, fa and Nfa restricted to Si is 
the identity map for all i. We can construct a smooth family Sj t £ [0, 1] 
of positively intersecting submanifolds which are C 1 close to each other so 
that on a small neighbourhood of Si, Sf is equal to Si for all i. Also we 
want that globally, Sj is equal to Sj for all i. We can also assume that 
they are all symplectomorphic to each other, so we have a smooth family of 
symplectomorphisms <f>\ from Si to Sj and also a smooth family of normal 
bundle maps Nfa so that when t = 1 they all coincide with fa and Ncfri. By 
a parameterized version of the above discussion we have a smooth family of 
symplectomorphisms <1>* from a neighbourhood of UjS'j to a neighbourhood 
of UjS* such that $*|5 i = <j)\ and D&\Ns i = iV0*. In addition we can 
assume that <3?° is the identity map near Si (because we can choose our 
associated diffeomorphism ^ to have this property). Because fa and Nfa 
are the identity map on Si we have that <I )1 is C 1 small near Si. Let 
Vt := be a smooth family of symplectic vector fields defined near Si. 
These are Hamiltonian vector fields near Si because Vt = on Si and a 
small neighbourhood of Si deformation retracts onto Si. Hence < l >1 is a 
Hamiltonian symplectomorphism near Si because it is Hamiltonian isotopic 
to $° near Si which is the identity map. Hence <I> := $ 1 has the required 
properties. □ 



Lemma 5.12. Let (M,uj) be a symplectic manifold and let S be a compact 
symplectic submanifold and N, N' open subsets of M such that the closure 
of N is contained in TV'. Let Si, ■ ■ ■ ,Sk be positively intersecting symplectic 
submanifolds with CiiSi = S and such that they are orthogonal along S, and 
such that they are also orthogonal in N' . Then there exists a C l small 
perturbation of Si, - ■ ■ , Sk to S[, - ■ ■ ,S' k such that S[, ■ ■ ■ , S' k are orthogonal 
on a small neighbourhood of S, and S[ = Si , ■ ■ ■ , S' k = Sk outside a small 
neighbourhood of S and also inside N. We may also arrange that TSj = TSi 
along S. 
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Proof, of Lemma 5.12 We prove this by induction on the dimension of M. 



So we suppose it is true in lower dimensions. Choose a small neighbourhood 



US of S as in Lemma 5.9 where p : US -» S is a symplectic fibration whose 
fibers are orthogonal to S. 

Consider the positively intersecting submanifolds (SinSk)i=x t - inside 
Sk . By our induction hypothesis we can perturb them by a C 1 small amount 
to V\, ■ ■ ■ Vfc_i such that: 

(1) Vi = Si inside N" C Sk and also outside a small neighbourhood 
M C Sk of S n Sk- Here N" is an open subset whose closure is 
contained in N' n S and such that it contains closure of N n Sk- 

(2) Vi intersect orthogonally along a small neighbourhood of S n Sk- 

Let q be a projection from a small neighbourhood of Sk to whose fibers 
are orthogonal to Sk- Let Wi := <z _1 (Vi) for i = 1, • • • , k— 1. These symplec- 
tic submanifolds are tangent to 5j along 5 1 and orthogonal on a neighbour- 
hood p~ 1 (S) of S 1 . Because the normal bundle to Sk is two dimensional and 
Si, Wi are orthogonal to Sk in the region (SkCiN") and of co-dimension 2, we 
have that their tangent spaces coincide in this region. By Lemma [5. 11 there 



is a C 1 small Hamiltonian symplectomorphism (defined near Sk) sending Wi 
to Si for each i in the region p^ 1 (N") and fixing Sk- Choose a neighbour- 
hood of O of S small enough so that NnO C p^ 1 (Skr\N"). This means that 
Wi = Si inside NnO. Hence we can perturb Si for i = 1, • • ■ , & — 1 by a C 1 
small amount to S^ so that it coincides with Wi on a small neighbourhood 
of S 1 (inside O) and is equal to Si outside O and is unchanged in N. This 
means that S^ = Si inside ./V and S[ is orthogonal on a neighbourhood of S. 
Also TS[ = TSi along S. Hence has the properties we want. □ 

Lemma 5.13. . Let S\,--- ,Sk be positively intersecting symplectic sub- 
manifolds inside some symplectic manifold (M,uj) and let I C {1, • • ■ ,k}. 
Suppose that Si, ■ ■ ■ ,Sk intersect orthogonally on some neighbourhood N of 
5/n(U^5i). 

Then there is a family of positively intersecting symplectic manifolds S\ 
(t G [0, 1] ) with 

(1) sf = s t . 

(2) % = S t for i i I. 

(3) S\ = Si on some open subset containing Sj n (Uj^/Sj). 

(4) Sj are all orthogonal on an arbitrarily small neighbourhood NSj of 
Si- 

(5) Sj = Si outside an arbitrarily small neighbourhood of the closure of 
NS^ 

(6) n ie iSj = Sj. 



Proof, of Lemma 5.13 By Lemma 5.9, there is a neighbourhood US of Si 



and a projection pj : US -» Si such that the fibers of pi are symplectomor- 
phic to B e and whose structure group is U (n) . There is also a vector field 
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L tangent to the fibers of pi such that e (<f>-t)*oj = u + (e — l)p*u\s and 
such that it radial in the fibers. We define S := Si and ujs '■= w\s- 

We prove the Lemma now by reducing it to the linear case in Lemma 



5.10 For each i € I, consider the following manifold: 

Ti :=U qeS To(Sinp- l (q)). 

Here To(Si r\p^ 1 {q)) means the tangent space at of Si C\p~ 1 (q) inside the 
tangent space of the linear fiber p~ 1 (q) at which is canonically identified 
with p~ l {q) (because p~ l {q) is an open ball in C n ). We have that Ti is 



symplectic near Sj. By a parameterized version of Lemma 5.11 there is 
a C 1 small diffeomorphism preserving the fibers of pj sending T{ to Si in 
the region p~ 1 (N) for all i G I (possibly after shrinking N slightly) and 
such that it is a symplectomorphism when restricted to each fiber. We push 
forward the U(n — \I\) structure group of pi : US -» Sj via this fiberwise 
diffeomorphism as well so that Si restricted to each fiber p~ l {q) is linear for 
each q G N. 

For each i G /, we can perturb Si by a C 1 small amount (without mov- 
ing Si) so that Si = Ti on a small neighbourhood P of the zero section 
and so that the Si are all still positively intersecting symplectic submani- 
folds. We can also assume that this perturbation only happens outside some 
neighbourhood of Si n (U^/S^). 

So from now on (after shrinking US) we can assume that Si <^p~ 1 (q) is 
linear inside p _1 {q) for all q and i £ I. This means we have a codimen- 
sion submanifold S C Si with boundary disjoint from Si H (U^jSi) such 
that (Si)i£i are orthogonal away from S and on a neighbourhood N of the 
boundary of S. Let US be equal to p~ 1 (S). 



By Lemma 5.10 (using US) we can find a family of submanifolds Sf so 
that 

(1) Sj are positively intersecting symplectic manifolds with respect to 
the symplectic form u)jjs + Tp*us for sufficiently large T > 0. 

(2) DiSj is the zero section, 
go _ g. 

(4) sjnp- 1 ^) = s i n P - 1 (N). 

(5) Sj are all orthogonal along the zero section. 

(6) Sj = Si outside some small neighbourhood of S. 

We define 4>-T(Sj) to be equal to 4>-T(Sj) inside 4>~ T (US) and Sj out- 
side 4>~ T (US). These are also positively intersecting submanifolds with the 
properties stated above (because 4>*_ t luus = ^us + (1 — e~ T )p*u\s)- 

The problem is we want these symplectic manifolds to be orthogonal on 
a neighbourhood of Si. But this can be done by perturbing (fr_T(Sj) by a 



C 1 small amount inside US (by Lemma 5.12), hence (p-T(Sj) has all the 
properties we want. □ 
In the previous Lemma we have that Di^iSj = Si. We also have a smooth 
family of diffeomorphisms ^ from Si to Sj which are the identity on Si and 
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outside a small neighbourhood of Si. Because a neighbourhood of Sj inside 
Sj deformation retracts to Si, we have that any 2-cycle in Sj near Si is 
homologous to a 2-cycle in Si. This means that the integral of u)\s- over 
this 2-cycle C is the same as the integral of co\ s t over \P*(C). Also away 
from this neighbourhood we have that Sj = Si so any 2-cycle evaluated on 
Lv\Si is the same as the one evaluated on *$>*LJ S t. All of this implies that 
^ ( [uj] | $t ) is equal to [oj]\s t an d by a Moser theorem we can then ensure 
that this is a symplectomorphism if the Si are compact. Hence (by using 
another Moser theorem) there is a smooth family of symplectomorphisms 
Pf : Nhd(5j) — > Nhd(Sj) where Nhd means 'a small neighbourhood of. 
These symplectomorphisms fix Si and hence by a similar cohomological ar- 
gument (as explained earlier), we have that Pf is in fact a Hamiltonian 
symplectomorphism, so by using a cutoff function we can extend these sym- 
plectomorphisms to Hamiltonian symplectomorphisms: Pj : M — > M. 



Proof, of Lemma 5.3 We basically proceed by induction on subsets I where 
I C {1, • • • k}. In order to do induction, we need a total order on this finite 
set. Here is the following total order: We say that / -< J when 

(1) |/| > |J| or 

(2) |/| = | J| with I ^ J and the highest number in J\(J is smaller 
than the highest number in / \ ( J n /). 

Fix some I C {1, • • • , k}. Suppose by our induction hypothesis, we have 
deformed Si, ■ ■ ■ , Sk through positively intersecting symplectic manifolds so 
that they are orthogonal on a small neighbourhood N of Uj^iSj and con- 



sider Si. By Lemma 5.13, we can deform Si through positively intersecting 
submanifolds Sj such that: 

(1) Sf = S,. 

(2) Sj = S t for i $ I. 

(3) Si are all orthogonal on some small neighbourhood of Si. 

(4) Sj = Si outside an arbitrarily small neighbourhood of Si. 

Because Sj = Si outside an arbitrarily small neighbourhood O of Si, we can 
assume that (OC\Sj)\N is empty for all j ^ /. This means that Sj are still 
orthogonal along N and also on some small neighbourhood of Si. 

Hence by induction we have proven that we can deform Si through pos- 
itively intersecting symplectic submanifolds so that they are orthogonal on 
a neighbourhood of UjS'j and hence are orthogonal everywhere. 

Let (Sj) be this deformation. The problem is that (5^)* is not equal to 
Sk for all t. The paragraph before this proof tells us that there is a sequence 
of symplectomorphisms P\, sending Sk to (S^)* such that P° is the identity 
map. So we can pull back (Sj) via Pj: for all i and this ensures that we 
get a family of positively intersecting submanifolds Sj such that Sj are all 
positively intersecting, S® = Si and Sj, = Sk- □ 



5.2. Making the smooth affine variety nice at infinity. 
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Lemma 5.14. Suppose that Si, ■ ■ ■ ,Sk are positively intersecting codimen- 
sion 2 symplectic submanifolds of {M, oj) such that they are also orthogonal. 
There exist small neighborhoods USi of Si and projections ni : USi -» Si 
such that 

(1) For 1 < i\ < %i < ■ ■ ■ < ii < k, 

TT k o ■ ■ ■ o -K h : n l j=1 U Si 3 -» S{ iu ... ih y 

has fibers that are symplectomorphic to n^ =1 D e where D e is the disk 
of radius e. 

(2) If we look at a fiber rLy =1 D e of tt^ o ■ ■ ■ o , then for 1 < m < I, 7ti m 
maps this fiber to itself. It is equal to the natural projection 

eliminating the mth disk D e . 

(3) The symplectic structure on USi induces a natural connection for 
7Tj ; o • • • o iii x given by the oj orthogonal vector bundles to the fibers. 
We may require the associated parallel transport maps to be elements 
ofU(l) x • • • x U{1) where £7(1) acts on the disk D e by rotation. 



Proof, of Lemma 5.14| Suppose we have a bundle p : V — >• B with a 
YYlLi U(l) structure where the fiber is D^ 1 where D e is the e ball in C and the 
m'th copy of U(l) rotates the m'th D e factor in D™. Suppose that the base 
B has a symplectic structure lob- We can construct a symplectic structure 
on the total space V as follows: Let Vi C V be the subbundle whose fiber is 
the subset is the i'th copy of D e in O™. This has a U (1) structure group. By 



Lemma 5.9 there is a symplectic structure ujy i on Vi such that the fibers of 
Vi have the standard symplectic structure on D e C C. We can ensure that 
the parallel transport maps are in U(l) as well as follows: On Vi, there is 
an S 1 action A : S 1 — > diffeo(Vi) such that it fixes the map p and rotates 
the fibers of Vi (i.e. it corresponds to the action given by rotating the fiber 



C C). We define 



ojy. := / A{t)*ujdt. 
Js 1 



This is a symplectic form if we shrink e > a bit. Also the new symplec- 
tic form on Vi ensures that the parallel transport maps are in £7(1). Let 
Pi : V -» Vi be the natural projection to V where (ai, • • • , a m ) in the fiber 
B™ is projected to the i'th D e factor. We define uj v := ^E^i p *^Vr 
Any symplectic structure on a bundle with a nULi^U) structure group 
as described above is said to be bundle compatible. The good thing about 
bundle compatible symplectic structures is that the maps Pi satisfy all the 
properties as described in the start of this Lemma (where 7Tj is replaced by 
Pi). Also if we have an open subset U of B and bundle compatible sym- 
plectic structures on p~ l (U) then by using similar methods and partitions of 
unity, we can ensure that there is a bundle compatible symplectic form on V 
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which coincides with the symplectic form on p _1 (U) possibly after shrinking 
p _1 (?7) a tiny bit. We will call the maps Pi the divisor projections. 

In order to prove our Lemma, we basically proceed by induction on subsets 
/ where I C {1, • • ■ k}. In order to do induction, we need a total order on 
this finite set. Here is the following total order: We say that I ~< J when 

(1) |/| > \J\ or 

(2) \I\ = | J| with I ^ J and the highest number in J\(Jf]I) is smaller 
than the highest number in / \ ( J n I) or 

Let II be the Lth subset in this total order. If / C {1, • • • , k} then we write 
pi to mean the map 

n t ° • • • ° TTii : d j=l us i:j -» S{ iu ... >it y 

where I = ■ ■ ■ ,ii} and i%, ■ ■ ■ ,ii are distinct. Suppose by our induction 
hypothesis there exists a neighbourhood Ul-i of Uj<L_iS/ 4 such that for 
each i with 1 < i < k, we have a neighbourhood Ul-i HUSi of Si and 
a projection map 7Tj : Ul-i CiUSi -» Si n Ul~i such that for each / C 
{l,--- ,k}, the map pi has the structure of a 0^/^(1) bundle which is 
bundle compatible with the symplectic structure. We will also assume that 
the maps 7Tj are the associated divisor projections for pj locally around Si 
inside Ul-i- Even though USi has not been constructed yet, we will use the 
notation Ul-i H USi for the part of USi that has been constructed inside 
Ul-i- We write / := II- We want to extend Ul-i to Ul containing Si and 
USi H Ul-i to USiH Ul along with the maps 7Tj so that they satisfy the 
properties as stated above. The normal bundle of Si has a natural IXjei 
structure group because its tangent bundle is the intersection HiTSi. Hence 
by the previous discussion and using an exponential map, we can extend the 
maps 7Tj over a neighbourhood and we can extend the symplectic structure 
u \u L -i t° w ' over some neighbourhood of Si so that: 

(1) 7Tj has has the structure of a Y\ ie i U(l) bundle with fiber F] ig j D e . 

(2) The symplectic structure oj' is bundle compatible. 

(3) the maps iTi are the associated bundle projections. 

The symplectic structure oj' coincides with the symplectic structure ojm on 
TSi, and the symplectic normal bundles are the same although the sym- 
plectic form on one normal bundle is a positive scalar multiple of the other. 
We can make the symplectic forms coincide exactly along Si by pushing 
forward oj' by a diffeomorphism induced by a vector field which is on Si 
and which is tangent to the normal bundle so that it rescales the symplectic 
form oj' on this normal bundle so it coincides with ojm- Hence by a Moser 
theorem we can ensure that oj' coincides with ojm (we have to deform the 
maps 7Tj as well). The problem is that because we have deformed the maps 
7Tj, the image of 7Tj might not coincide with Si away from Uj&jSj anymore. 



But by Lemma 5.11 , there is a symplectomorphism which is the identity 
near Uj^Sj moving all the 7Tj's so that their image is in Si. Hence 7Tj has 
all the properties we want and is defined on a neighbourhood Ul of Si. 
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Hence by induction we have maps 7r, denned on some neighbourhood of 
UiSi with the properties stated as in the Lemma. □ 

Let S\, ■ ■ ■ ,S^(t£ [0, 1]) be a smooth family of codimension 2 symplectic 
submanifolds such that for each fixed i, S[, ■ ■ ■ ,Sj. are positively intersect- 
ing. We write S* := Uy (Sj n Sf). 

Lemma 5.15. There is a smooth family of symplectomorphisms &t from 
M \ S° to M \ S t sending S° \ S° to Sj \ S f for each i. 

In particular this means that there is a smooth family of symplectomor- 
phisms induced by <£> 4 from M \ (UiSf) to M \ (U i S'|). 

We first need a preliminary Lemma: 

Lemma 5.16. Suppose M is any symplectic manifold (open or closed with- 
out boundary) and let it '■ S M (t G [0, 1]) be any smooth family of proper 
symplectic embeddings of the symplectic manifold S (without boundary). 
Then there is a family of Hamiltonian symplectomorphisms (fit '■ M —> M 
such that (fio is the identity and (fit sends the image of lq to the image of i\ . 



Proof, of Lemma 5.16 By a Moser theorem, there is a neighbourhood U of 
to(S) (which gets very thin near infinity) and a smooth family of symplectic 
embeddings t' t : U M such that i' t \s = if We can also ensure that there 
is a smooth submersion tt : U -» S whose fibers are all WM-orthogonal to S. 
We will also assume that U deformation retracts to S. 

For each t, there is a symplectic vector field Vt on i' t {U) defined as 
at p £ 4(^0- This vector field has the following property: for any compact 
subset k of S, there is an e K > such that for all T G [0, 1] the flow (l' t (k)) 
of Vt is well defined and satisfies (fiJt T (i' T (K)) C 4(k) for all \t-T\< e K . We 
will say that any vector field satisfying this property satisfies property Q. 

Let 9v t be the w^-dual of Vt. This is some closed 1-form. Because U 
is homotopic to S, there exists another closed 1-form v on S such that 
v + (t't)*6v t is exact. Let v = tt*u and let X l ~ be a smooth family of vec- 
tor fields defined only on i' t {U) whose ^Af-dual is v. We have that X l ~ is 
tangent to i' t (S) because the fibers of tt are symplectically orthogonal to S. 
Because X~ is tangent to t' t (S), we have that X l ~ + Vt satisfies property Q. 
Because the wjv/-dual of this vector field is exact, we have a smooth family 
of Hamiltonians Ht : i't{U) — > M whose associated Hamiltonian vector field 
is Xt + Vt. By using a cutoff function, we can assume that Ht smooth family 
of Hamiltonians on the whole of M. 

The problem with this family of Hamiltonians is that the associated 
Hamiltonian vector field may not be integrable. In order to make it inte- 
grable (while still ensuring that it satisfies property Q), we do the following: 
Let / be some exhausting function on M. Then f\ Lt ts) is a lso exhausting be- 
cause it is a proper embedding. We can perturb / by a C° small amount near 
it to create a new function f t which is equal to ir* f near i t (5) C t' t {U) (here 
by abuse of notation we view tt as the pushforward of the map tt : U -» S). 
We can also assume that ft is a smooth family of exhausting functions. The 
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Hamiltonian flow of ft preserves tt(S) again because the fibers of n are or- 
thogonal to S. Also because ft is a small perturbation of /, we can assume 
that it is an exhausting function. 

Choose some rapidly increasing positive function g : M — > M such that 
g o f t + Ht is exhausting for all t € [0, 1]. Because the Hamiltonian flow of 
go f t preserves tt(S), we have that the flow of g o f t + Ht satisfies property 
Q. Also this Hamiltonian vector field is integrable for the following reason: 
Let Kt, t £ [0, 1] be a smooth family of exhausting Hamiltonians. We will 
show that its Hamiltonian flow is integrable. Let g : M — > M be a positive 
smooth function such that 



dKt 

g(x) > sup —jriy)- 

te[o,i],»ex'r 1 (-oo,a:] 



dt 



We choose G to be any function with G' = -. Let p(t) be a path in M 
satisfying ^4f^ = Xx t • We have 



j t (K t (p(t)) = d -^{ P (t)) + dK t {X Kt ) = ^(p(t)) < g(K t (p(t))). 
Hence 

j t {G{K t (p{t))) < 1. 

This implies that the function t — > G(Kt(p(t))) is less than t + C for some 
constant C. This means that if p(Q) starts in Kq 1 (o) then p(t) must be 
contained in oo, + C)]. This implies that is integrable. 

This means that g o f t + Ht has an integrable Hamiltonian flow that 
satisfies property Q. In particular the Hamiltonian flow sends Lq(S) to tt{S) 
at time t. □ 



Proof, of Lemma 5.15 For induction purposes, we will assume that this 
Lemma is true in all dimensions less than 2n. For j = 1, • • • ,n, we will 
write Aj as the union ^\i\= n -j{^iei^i)- This is the union of all dimen- 
sion 2j strata in UiSj. Suppose for j' < j, there is a smooth family of 
symplectomorphisms &t,j' from M \ A -, to M \ A 1 -, sending A®, +1 \ A% to 
j4*, +1 \ Aj,. We now wish to show the same thing for j. We have (by our 
previous assumption) in particular a smooth family of symplectomorphisms 
induced by &t,j—i sending the complement of A a -_ l to the complement of 
in M. Note that A\ \ .j is a disjoint union of manifolds inside 
M \ A t j_ 1 . All these manifolds are compactified by some smooth normal 
crossing divisor smoothly depending on t. Because we have assumed that 
the Lemma is true in all dimensions less than 2n, there is also a smooth 
family of symplectomorphisms ^t from A® \ A®_-± to A 1 - \ A t j_ 1 starting at 
the identity symplectomorphism. We have a smooth fam ily of embeddings 
i t := <!>~\ t o^ t ofA° j \A°- l into M\A° j _ l . By Lemma|5.16l there is a smooth 



family of Hamiltonian symplectomorphisms Ft : M\A [ j_ 1 —> M\^_ 1 where 
Fq is the identity and F t sends the image of to to the image of t t . Hence 
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the smooth family of symplectomorphisms $j-i,t Ft sends the image of lq 
inside M \ A^_ x to A 1 - \ A l -_ x inside M \ A^_ v 

Hence by induction, we have found a smooth family of symplectomor- 
phisms from M\A^_i to M\A t n _ 1 starting at the identity sending A^ \A^ l _ 1 
to A l n \ A t n _ 1 . Because A t n _ l = S l and A l n \ A t n _ l is the disjoint union of 
S\ \ S l for all i, the previous statement is the statement of the Lemma. 
Hence we have proven the Lemma. □ 

Let Si,-- - ,Sk be positively intersecting inside M. We can assume that 
Si\Ui^jSj is connected because we can replace a disconnected such manifold 
with a union of connected manifolds. Let 9 be a 1 form on the complement 
M \ (UiSi) such that dO = ojm. Let W be a small symplectic submanifold 
of M of dimension 2 symplectomorphic to some small disk Dj C C of radius 
5 > 0. Suppose that W is disjoint from Sj, j ^ i and W intersects Si 
orthogonally at G H)g (i.e. it is tangent to the normal bundle of Si). Let 
(r, $) be polar coordinates on H>g. Then 9 pulls back to a 1-form on W\ {0}. 
We have that d9 = rdr A d$ on the punctured disk D5 \ {0}. Hence 9 is 

2 

cohomologous to T ^d'd + Kidfi for some constant Kj. Suppose that I had some 
other disk W' intersecting Si orthogonally and disjoint from the other Sj's. 
Because Si \ Uj^iSj is connected, there is a smooth family Wt joining W' 
and W. Hence the constant Ki associated to W' is the same as the constant 
Ki associated to W. Hence k« is an invariant of 9 and S%. We call Ki the 
wrapping of 9 around Si. 



Lemma 5.17. Suppose that Si, ■ ■ ■ , Sk are orthogonal positively intersecting 
submanifolds of a compact symplectic manifold (M,ljm) <ind suppose that 
there is a 1-form 9 such that 

(1) d9 = u M . 

(2) The wrapping of 9 around Si for each i is negative. 

Then there exists a function f defined on M\L)iSi such that (M\UiSi, 9+df) 
has the structure of a finite type convex symplectic manifold. 

The form 9 + df r estric ted to a fiber D t of the maps 7Tj minus the origin as 

I r? 

is (-j- + Kijd'&i where are polar coordinates 



5.14 



described in Lemma 
for D e and Ki < is the wrapping number of 9 around Si. 



Proof, of Lemma 5.17 



tioned in Lemma 5.14 



the proof of Lemma 5.14 



We proceed by induction on the ordering -< men- 
Let ttj ~. U Sj — y Sj be the maps as described in 
Suppose inductively we have for all I' ~< I we 

have a function / such that 9 + df is equal to {Yliei'(~2 K i)d$i) on the 
fiber riiei 7 ^e- We now wish to modify /' on USi away from a very small 
neighbourhood of UjdjSj so that it has the properties we want. 

We do this as follows: If we look near Uj^jSj, 9 + df has the form we 
want because ~< I and the map 717 inside US lLl ^jj preserves the fibers 
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of 7T/u{j} and corresponds to the projection 

*G-fu{j} iei 

eliminating the D e corresponding to j. Because 6 + df restricted to a fiber 

2 

of it i is cohomologous to Ylieiilt + K «) c ^«> there is a smooth function /" 
from USi to R such that 9 + df + df" restricted to each fiber is of the form 

2 2 

Ylieiiit + Kijd&i- Such a function exists because 9 + df — Ylieiiit + 
restricted to each fiber of 717 is exact, so for each fiber irj 1 (q) we have a 
function f q which is unique up to adding a constant such that this 1-form 
is equal to df q . We can assume that f q smoothly depends on q by adding 
some function of the form « o 717 (this basically follows from a parameterized 
version of the Poincare Lemma). Hence we can view f q as a function /" 
which has the properties we want. 

Near Dj^jSj we have that 9 + df already has the form we want, hence /" 
must be of the form ir^h in this region. By extending h to the whole of Sj, 
we can subtract irjh from /" so that /" = near Uj^jSj. This means that 

r 2 

9 + df + df" restricted to each fiber of 717 is equal to Yliei(~2 + K «)°^> an d 
also because /" = near UjctjSj, it also has this form for all other maps 
TTjr where I' -< /. Hence by induction we have shown that there is some 

r 2 

function / such that 9 + df = Xwe/dr + inside the fibers of 77 for all 

/. This is the second part of the Lemma. 

We now wish to show that we have the structure of a finite type convex 
symplectic manifold. Let v : (0, e) — > R be a function which is equal to 
near e and tends to infinity as we reach and which has non-positive 
derivative. We assume it has negative derivative near 0. Then we view v{ri) 
as a function on the complement of Si as we can extend it by zero away from 
USi. We have that X^j I/ ( r i) ^ s an exhausting function. Let X v r r .-\ be the 
Hamiltonian vector field of v(ri). Because the w-orthogonal plane bundle to 
the fibers D e of USi are contained in the level sets of r^, we have that X v r r .\ 
is tangent to the fibers of 7Tj inside USi and is zero elsewhere. Also X v ^ 

restricted to some fiber D e is equal to X„( ri )| D which is equal to — 
Hence X v i r .\(9 + df) < for r small enough because Ki is negative. If Xg + df 
is the WM-dual of 9+df then X e+d f(d(J2Mri))) = -(£* X u{n) ){9+df) > 0. 
This is greater than zero near Uj5j because for each point p near UjiSj, we 
have that v '(rj) > for some i. Hence (M \ L)iSi,9 + df) has the structure 
of a finite type convex symplectic manifold. This proves the Lemma. □ 
Let P be a smooth projective variety, and D some effective divisor so that 

(1) D is a smooth normal crossing divisor, i.e. it is a union of smooth 
complex hypersurfaces which are transversally intersecting. 

(2) P\D is isomorphic to A where A is a smooth affine variety. 

Let L be a line bundle on P and || • || a metric on L so that if F is its 
curvature form then — iF restricted to A is a Kahler form but this may not 
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be true along D. Let s be a section of L so that s -1 (0) = D. We will 
call d c log||s|| a compactification 1-form associated to A. Recall that we 
have another 1-form on A co ming from an embedding t:44 C . This is 

I I r 2 

described before Lemma 2.1 This is given by i* J2i -^d^i where (rj, Oi) are 
polar coordinates on the ith factor of C . The following lemma is almost 
exactly the same as [Sei08, Lemma 4.4]. 

Lemma 5.18. We have that (A,d c log 1 1 s \ | ) makes A into a finite type convex 
symplectic manifold convex deformation equivalent to (A, 9a). 



Proof, of Lemma 5.18 This lemma will be done in three steps. In step 1 we 
show that (A, d c log ||s||) is a finite type convex symplectic manifold. In step 
2 we will show that if d c log||s'||' is another compactification 1-form then 
(A, d c log ||s||) is convex deformation equivalent to (A, d c log ||s'||')- Finally 
in step 3 we will show that (A, d c log \ \s\\) is convex deformation equivalent 
to (A, A ). 

Step 1: Let p G D and choose local holomorphic coordinates z\, ■ ■ ■ ,z n 
and a trivialization of L around p so that s = z™ 1 ■ ■ ■ z™ n (u>j > 0). The 
metric |.| on L is equal to e^|.| for some function tp with respect to this 
trivialization where |.| is the standard metric on C. So 

dlog ||s|| = -ip - C^Wid\og\zi\). 

i 

If we take the vector field Y := — z\d Zl ■■■ — z n d Zn , then dlog(\zj\)(Y) = 
— 1 and Y.if) tends to zero. Hence dlog||s|| is non-zero near infinity. If 
-X^logll all is the dd c log ||s||-dual of c? c log||s|| then — dlog (||s||)(X^c log || ji) = 
|| d log || s || || 2 > near infinity. Hence (A, d c log ||s||) is a finite type convex 
symplectic manifold. 

Step 2: Suppose now that P',D',L',s', \\ ■ \\' are different choices of com- 
pactification, effective divisor, line bundle, section and metric satisfying sim- 
ilar properties to P,D,L,s and || • ||. Here P' \ D' is isomorphic to A. By 
applying the Hironaka resolution of singularities theorem again [Hir64] we 
have a third compactification P" and morphisms n : P" — > P, ir 1 : P" — > P. 
We pull back L and L' to P" as well as the sections s, s' giving us new line 
bundles L, V and sections s and V . By abuse of notation we write || • || and 
|| • ||' for the metrics on L and V which are the pullbacks of || • || and || • ||' 
respectively. Again we look at some loccil coordinate chart • * ■ , z n and 
vector field Y around some point p G D" where D" = P" \ A. Using the 
same arguments as before we have 

(tlog||Sl| + (l-i)log||S / || / ) (Y) > 

near infinity for all t G [0,1]. Hence (A, d c log ||s||) and (A, d c \og \\sf\\') are 

convex deformation equivalent. 

Step 3: In this step we will need to refer to the proof of Lemma 2.1 so 

r i 

the reader must be familiar with this lemma first. Let R := 22 i ~t- ^ e 
have that 6a = —d c R. Basically from the proof of Lemma |2.1| we have 
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a compactification 1-form equal to —d c f(R) where / is a non-decreasing 
function. We have that (A, —d c (tR + (1 — t)f(R))) is a convex deformation 
equivalence from from (A, 9a) to (A, —d c f(R)). The reason why this is a 
convex deformation equivalence is that the level sets of R and f(R) coincide 
(up to reparameterization) . By Step 2 we have (A, 6) is convex deformation 
equivalent to (A, —d c f(R)). Hence (A, 9) is convex deformation equivalent 
to {A, 9 A ). □ 

Lemma 5.19. Let M be a smooth projective variety and let UiSi be a smooth 
normal crossing divisor such that ^2 i aiSi is ample for some a%, ■ ■ ■ , E 
N \ {0}. The complement A := M \ UjS'j is an affine variety and it has a 
natural 1-form 9 with d9 = um- We have that (A,9) is convex deformation 
equivalent to A with the natural 1-form 9a coming from some embedding of 



A into C N (see Section 2.1). Then S±, • • • , are positively intersecting and 



the wrapping number of 9 around Si is negative. 



Proof, of Lemma 5.19 The natural 1-form 9 is a compactification 1-form 
as described earlier. We have an ample line bundle L coming from aiS{. 
There is a metric |.| on L whose associated curvature form F has the prop- 
erty that iF is a positive (1, l)-form. This is our symplectic form ojm on M. 
Choose a holomorphic section s of L whose zero set is exactly ^ aiSi (i.e. 
the zero set has multiplicity m at Si). Then our 1-form 9 is d c \og \\s\\ where 
d c = do J where J is our complex structure on M. 

First of all, the divisors Si are positively intersecting submanifolds because 
J is compatible with the symplectic form lom and all the 5,'s are holomorphic 
submanifolds. So the hard part is proving that 9 wraps negatively around S(. 
Let p be a point in Si disjoint from Uj^Sj and choose a small holomorphic 
disk Ds disjoint from Uj^iSj and intersecting Si at p only. We can assume 
that this disk is intersecting Si orthogonally because the Wj^-orthogonal 
bundle to Si is holomorphic. The line bundle L restricted to this disk Dj C C 
is equal to aj{0} where {0} means the divisor at and the section Si has a 
zero of multiplicity i at 0. This means we can choose a trivialization of L 
so that Si is equal to z ai where z is the complex coordinate on B)g. 

We have that dd c log \\z ai \\ = dd c log \\1\\ so the wrapping number of 9 
around Si corresponds to the cohomology class of 

(flog ||z ai || - cf log ||1|| = ajcf log \z\ + d c \og \\1\\ - cflog ||1|| 

= aid c log \z\ = —aid'd. 

Here |.| is the standard euclidean metric on Dj C C and •& is the angular 
coordinate on 0,5. This is a negative multiple of d$i and hence we have that 



9 wraps around Si negatively. By Lemma 5.18 we get that (A, 9a) is convex 
deformation equivalent to (A, 9). □ 
Putting all these Lemmas together gives us the following theorem: 

Theorem 5.20. Let A be a smooth affine variety. Then A is convex defor- 
mation equivalent to a finite type convex symplectic manifold (W, 9w) with 
the following properties: 



(in 
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(1) W is symplectomorphic to M \ UiSi where Si are co- dimension 2 
symplectic submanifolds transversely intersecting. 

(2) There are neighborhoods USi of Si and fibrations Hi : USi -» Si 
satisfying the properties stated in Lemma \5. 1J\ 

(3) 9w restricted to the fiber D e of 7Tj is equal to (rf + K^dfii for some 

Ki < 0. 



Proof, of Theorem |5.20 We first compactify A to a smooth projective va- 



riety and then by using [Hir64], we blow up this projective variety so that 
A = M \ UiS' i for some transversely intersecting complex hypersurfaces S^ 
inside a new smooth projective variety M. These are positively intersecting 
symplectic submanifolds of M and the natural 1-form 9 (d9 = com) on A 
wraps negatively around Si for each i by Lemma |5. 19 



By Lemma |5.3[ there is a smooth family of positively intersecting sym- 
plectic submanifolds Sj such that S® = S"- and Sj are orthogonal. Let 



5* := UijiSj n Sj). By Lemma 5.15, there is a smooth family of symplecto- 
morphisms <£>t from M \ S° to M \ S t starting at the identity and sending 

.v.o.s'; v. 

This means that the symplectomorphisms &t also induce symplectomor- 
phisms from M \ UiSf to M \ UjS|. Also 9t '■= (^tluxu^s )*^ wra P s around 
S* negatively because the symplectomorphism $t\M\u s9 extends smoothly 



over Si to &f This means by Lemma 5.17 there is an exact 1-form df such 



that 9\ + df makes M \ \JiS\ into a finite type convex symplectic manifold 
with the property that 9\ + df restricted to each fiber D e of 7Tj is equal to 
(rf + Ki)d$i where re, < 0. So if we set W := M\ UiS} and 9 W := 9\ + df 
then we have proven the Lemma. □ 



6. The growth rate of affine varieties 

Definition 6.1. Let (Mi, 9\), (M2, #2) be two exact symplectic manifolds. 
We say that Mi, M2 are exact symplectomorphic at infinity if there are open 
subsets Ui C Mi and a symplectomorphism 

* : Mi \ Ui -> M 2 \ U 2 

such that 

(1) The closure of Ui is compact inside Mi. 

(2) \& sends compact sets in Mi \ U\ to compact sets in M2 \ U2- 

(3) ^ is an exact symplectomorphism (i.e. 1 I/*#2 = 9\ + df). 

Definition 6.2. Let (W±, @w 2 ) be two convex symplectic mani- 

folds. We say that they are convex deformation equivalent at infinity if there 
is a sequence of convex symplectic manifolds (Qi, 0qJ for i = 1, • • • k such 
that: 

(1) Qi is convex deformation equivalent to W±. 

(2) Qk is convex deformation equivalent to Wi- 
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(3) Qi is convex deformation equivalent to Qi+i or they are exact sym- 
plectomorphic at infinity. 

Note that being convex deformation equivalent at infinity is an equivalence 
relation. 

Theorem 6.3. Suppose that a finite type convex symplectic manifold B 
and a smooth affine variety A are convex deformation equivalent at infinity. 
Then filtered directed system (SH*(B,8b,\)) is isomorphic to a filtered 
directed system (V x ) where the dimension \V X \ satisfies \V X \ < P(x) for some 
polynomial P. The degree of this polynomial is less than or equal to tua 
where tua is defined in the introduction. 

This has the following direct corollary: 

Theorem 6.4. We have T(B) < tua- 



Theorem 1.1 follows directly from Theorem 6.4 where we set B = A 



Theorem 1.2 also follows from Corollary 6.3 Here is a statement of this 
theorem: Suppose that the boundary of a Liouville domain M is algebraically 
Stein fillable, then T(M) < niA- 

Proof, of Theorem \1.2\ The boundary of M is contactomorphic to the 
boundary of A. This means that we can deform M through a family of 
Liouville domains to a new Liouville domain M' such that the contact form 
on dM' coincides exactly with the contact form on dA. This means that the 

completions M 1 and A := A are exact symplectomorphic at infinity because 
their cylindrical ends are identical. Also M' is convex deformation equiva- 
lent to M which mea ns th at M and A are convex deformation equivalent at 



infinity. By Theorem 6.4, we have that T(M) < oo which proves Theorem 



TM □ 



Before we prove Theorem 6.3, We need some lemmas: The first Lemma 
gives us a slightly more general definition of growth rate which will be use- 
ful for our purposes. Let (H, J) be a growth rate admissible Hamiltonian 
on some finite type convex symplectic manifold (W, 9w) an d let k > 
be any constant. Let Ai < A2. Then there is a natural morphism from 
SH^' K (AiiT, J) to ShI°' kX2 \\2H, J) given by first composing the mor- 
phism 

S#j°' KAll (Ai#, J) -> ShI°' kXi] (\ 2 H, J) 
induced by the continuation map followed by the morphism 
SH V>Mi]( X2Hi j) S hI°' kX2] {\ 2 H, J) 

given by the natural inclusion map of chain complexes. We could have done 
this the other way around by starting with an inclusion of chain complexes: 

SH [o,^]r XlH} j) ^ SHl^^iXiH, J) 

and then composing it with a continuation map. But this gives us exactly 
the same map. Because we can swap inclusion maps and continuation maps, 
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we have that these maps satisfy functoriality properties which means we get 
a filtered directed system: 

(SHi > KX] (\H, J)) 

Lemma 6.5. The filtered directed system described above is isomorphic to 
(SH*(W,9 W )). 



Proof, of Lemma 6.5 We have a natural map <j> from ShI°' kX] (\H,J) to 
SHT{\H, J) given by inclusion of chain complexes. This commutes with the 
filtered directed system maps so is a morphism of filtered directed systems. 
There is a constant K > 1 and a 1-form 9 such that 8 — 6w is exact, kK > 1 
and —9{Xh) — H < kK by the action bound property. We have a map 
<ft' from SHf{XH, J) to SH^ ,kKX \kXH, J) constructed as follows: First of 
all we have an isomorphism from SHf 1 (XH, J) to SH^ l ' h ' KX \XH, J) because 
all the 1-periodic orbits have action less than kKX. We then compose this 
isomorphism with the continuation map: 

sh1 > kKX \xh, J) -> SHl ' KKX] {KXH, J). 

Again this commutes with the filtered directed system maps because con- 
tinuation maps and action inclusion maps commute. 
The map <j) o <j)' is the composition: 

SH#(XH, J) -> SH [ °> kKX] (XH, J) -> 

SH l °' KKX] (KXH, J) -> SH#(KXH, J). 
This is the natural continuation map because action inclusion and contin- 
uation maps commute so the above composition is equal to the following 
composition: 

SH*(XH, J) -> SH [ ^ kKX] (XH, J) -> 

SH#(XH, J) -> SH*(KXH, J). 

Also because all the 1-periodic orbits of XH have action less than kKX, we 
have that the composition of the first two maps is the identity map. Hence 
<p o (p' is a continuation map. 

We also have that 4>' o <f> is a continuation map because it is equal to the 
natural composition: 

SHl ' KX] {XH, J) -»• SH*(XH, J) -> 

SHi ' KKX \XH, J) -> SHf' KKX] {KXH, J). 

Because all 1-periodic orbits of Ai? have action less than AtXA the compo- 
sition of the first two maps is identical to the natural inclusion map. Hence 
0' o is a directed system map and so (f>, 4>' give us our isomorphism of 
filtered directed systems. □ 

Lemma 6.6. Suppose we have a Hamiltonian H : W —> M, a function 
P : R — > R and a small open neighbourhood N o/i7 _1 (0) suc/i i/iai: 
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(1) H satisfies the Liouville vector field property. 

(2) For every X outside some discrete subset, there is a C 2 small pertur- 
bation H\ of XH such that all the 1-periodic orbits of H\ inside Ji 
are non- degenerate and the number of such orbits is bounded above 
byP{X). 

Then there is a filtered directed system (V\) isomorphic to (SH*(W,9w)) 
such that the rank of V\ is bounded above by P{X) . 



Proof, of Lemma 6.6 If H was growth rate admissible and Ji = W then this 
lemma would be fairly straightforward as the rank of SH* is bounded above 
by the number of non-degenerate orbits. The problem is that it may not be 
growth rate admissible. Instead we will construct a growth rate admissible 
Hamiltonian H p such that all the 1-periodic orbits of sufficiently low action 
are the same as the ones of H and then invoke Lemma 16.51 



By Lemma 4.2 there is a growth rate admissible pair (H p , J p ) such that 

(1) H p = H on a small neighbourhood of iT^O) and (i? p )~ 1 (0) = 

h-Ho). 

(2) -0 H (X H v) - H p > everywhere. 

(3) -6 H {X H J) -H p >0 when H p > 0. 

(4) —6h{Xhp) — H p is greater than some constant Sh > outside some 
compact set. 

Here 9h is the 1-form that makes H satisfy the Liouville vector field property. 

Let A be the function —9h{Xhj>) — H p . The level sets of H p near 
(H p )~ 1 (0) are compact because H p satisfies the bounded below property. 
Let vh > be a constant so that for all x 6 (0, vjj\ we have that (H p )~ 1 (x) 
is compact and regular and contained inside Nn {H p = H}. Also because 
A(x) > 5h outside some compact set, A > and A(y) > if and only if 
H p (y) > 0, there is a constant > with the property that ^4 _1 ([0, e^]) is 
contained in the region (i? p ) _1 ([0, vh\)- For A > 1, any 1-periodic orbit of 
XH P of action < Xea must be contained in the region (H p )~ 1 ([0, vh\)- This 
orbit is also contained inside N and the region where H p is equal to H. 

Choose a sequence of perturbations K\ that C 2 converge to XH where 
the number of 1-periodic orbits of K\ contained inside N is bounded above 
by P(X) and so that all of these orbits are non-degenerate. We make the 
perturbation small enough so that orbits of action less than or equal to Ae^ 
are contained in some fixed open subset U of {H p = H} n N such that U 
contains (H p )~ 1 ([0, e]). Let p : W — > M. be a bump function which is on a 
small neighbourhood of the closure of U and 1 in the region where H p ^ PL. 
Let H\ := (1 — p)K\ + pXH p . These Hamiltonians C 1 converge to XH P . 
Hence for large enough i, we have that the action of all the 1-periodic orbits 
of H l x that are not entirely contained in U is greater than For large 

enough i we also have a sequence of constants Si tending to such that 
(if] i )~ 1 ([0, Ae — Si]) contains all the orbits of action < and so that there 
are no orbits on the boundary of U{ := (^) _1 ([0, Ae^ — Si]). We can also 
assume that Uj C U. 
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By Lemma 2.2 we perturb H\ again to H j by a C 2 small amount outside 
the closed set U{ so that H£ = K\ inside Ui, all of its 1-periodic orbits 
outside Ui are non-degenerate of action greater than and such that it 
is equal to H z x near infinity. For large enough i, (H'^, J p ) is growth rate 
admissible where Hj" has only non-degenerate orbits and such that all of 
its orbits of action less than or equal to are in the region where this 
Hamiltonian is equal to K\. Hence the number of 1-periodic orbits of 
of action less than or equal to is bounded above by P(\). This implies 

that the rank of V\ := SH [ °'^ ] {H'j, J p ) is bounded above by F(A). By 
Lemma 



6.5 



the filtered directed system (V\) is isomorphic to SH*(W, 9w )■ 
This proves the Lemma. □ 
Suppose we have a Hamiltonian H and a function P such that there is 
a small neighbourhood N of -ff -1 (0) where H, P, N satisfy the properties of 
the previous Lemma, then we say that H is P bounded. 

Lemma 6.7. Suppose that (W,9w) an d (W',9w') « r e finite type convex 
symplectic manifolds that are convex deformation equivalent at infinity. Sup- 
pose also that we have a Hamiltonian H on W and a function P : K — > M 
such that: 

(1) H satisfies the Liouville vector field property. 

(2) H is P bounded. 

Then W also admits a Hamiltonian H' satisfying the Liouville vector field 
property and that is P bounded. 



Proof, of Lemma 6.7 Let Xg w be the dOw-dual of 9\y- Let fw be an 
exhausting function such that dfw{Xe w ) > when fw > CV f° r some Cw- 
By Lemma 8.1 there is a family of 1-forms 9 W such that: 
(1) dO w is symplectic. 



(2) 9 W ~ a0 



w 



(3) 9 W = 9w in the region oo, Cw]- 

(4) 9 W is complete. 

(5) The d9 w -du&l Xq^ of 9 W satisfies Xgs^ = g s X d o^ for some positive 
function g s which smoothly depends on s. 

We have a similar family of 1-forms 9 W , on W' and a similar function fw' 
such that these 1-forms are all equal on f w ,(— oo, Cw'\- The pairs (W,9 W ) 
(resp. (W,9 W ,)) are all finite type convex symplectic manifolds because 
their Liouville vector fields are all of the form g s Xg w (resp. h s Xg , ) for 
some smooth family of functions g s (resp. h s ) and the same reason ensures 
that this is a convex deformation. We can assume that the closure of H^ 1 (0) 
is contained in f w {— oo, Cw)- Hence 9w = 9 W on some compact set whose 
interior contains -ff -1 (0). This implies that H satisfies the Liouville vector 
field property and is P bounded on (W, 9 W ) for all s and in particular for 
(W,9 W ). Let X e i be the d#^-dual of 9 W . If <fr t is the flow of this vector 
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field then <&t@w = et ®w which implies that H t := is still P bounded. 

In particular we can ensure that the compact set i? f ~ 1 (0) is arbitrarily large. 

Because (W, 9^) and (W',9^,) are complete finite type convex sym- 
plectic manifolds that are convex deformation equivalent at infinity we 



have by Lemma 8.7 that they are exact symplectomorphic at infinity. Let 
4> :W\ K\v — > W' \ Ky/ 1 be this exact symplectomorphism. By the previous 
discussion, we can assume that the interior of .ff t -1 (0) contains K\y. We de- 
fine K' on W' by pushing Ht forward via <j) and then defining K' to be zero 
inside Ky/i. This Hamiltonian still satisfies the Liouville vector field prop- 
erty and is P bounded on (W' , 9^,). Let <&' t be the flow of the vector field 

X e i . For large enough T, H' := (<&' T )*K' has the property that 

w' 

is a subset of ,/W/(— oo, Cw')- Because 6^ = Ow inside fwi(— oo, C^/), 
we have that H' is P bounded on (W' ,9^,) for all s and in particular on 
(W',9 W/ ). □ 

Given some smooth affine variety A, we will construct a Hamiltonian 



H on A satisfying the Liouville vector field property. By Theorem 5.20 
the smooth affine variety A is exact symplectomorphic to a finite type con- 
vex symplectic manifold W described as follows: We start with a compact 
symplectic manifold M and a of set of transversely intersecting symplectic 
submanifolds Si {i = 1, ■ • ■ , k). We write ... for the intersection CijSi-. 
There are small neighborhoods US% of Si and projections iii : USi -» Si and 
a positive integer n\y (the number of such Si's) such that 

(1) For 1 < ii < i% < ■ ■ ■ < i\ < nw, 

n k o • • • o TTjj : n l j=1 USi 3 -» S{ iu ... ik y 

has fibers that are symplectomorphic to II^ =1 D e where D e is the disk 
of radius e. 

(2) If we look at a fiber n^ =1 D e of 7Tj ; o • • • o tt^, then for 1 < m < I, 7Tj m 
maps this fiber to itself. It is equal to the natural projection 

eliminating the mth disk D e . 

(3) The symplectic structure on USi induces a natural connection for 
7Tj ; o • • • o 71-^ given by the uj orthogonal vector bundle to the fibers. 
We require the associated parallel transport maps to be elements of 
£7(1) x • • • x U(l) where U(l) acts on the disk D e by rotation. 

The finite type convex symplectic manifold W we want is symplectomorphic 
to M \ UiSi. Let rj : USi -> 1 be the function such that when we restrict 
Ti to a fiber D e of 7Tj, we get that r, is the distance from the origin. This 
uniquely determines v% because 7r, has a U(l) structure group. 

We will now construct our Hamiltonian on the Liouville manifold W. Let 
v : [0, e) — > [0, oo) be a smooth function satisfying: 

(1) Near t = e, v{t) = and near 0, v(t) = ^ - t 2 . 
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(2) v' < when v > 0. 

(3) There is one point x where v" (x) = and v{x) > (i.e. the graph of 
v has exactly one point of inflection). In particular, v"(x) is negative 
when v(x) > is small. 

(4) If v(x) > is small then we require that x < —Ki for each i and 
x < 1. 

v(n) 



The function v(r%) : USi — > M. can be extended smoothly by to the 
whole of M. From now on we will write v{ri) as this function from M to R. 



Let H := ^i l/ ( r «)- Theorem 5.20 also says that the Liouville form 9yy on 
W satisfies: 6y/ restricted to a fiber D e of 7Tj is equal to (rf + Kijdfii where 
ri,i9i are polar coordinates on D e and k« < is some constant. Because the 
level sets of v[ri) contain the w^-orthogonal vector bundle to the fibers of 
7Tj, we have that its Hamiltonian flow is contained in the fibers and is equal 

to -W-y(Ti) Ml- We have that 9 w{X H ) = - r -^is'{ri). Hence if X 6w 
is the (i^^-dual of Qw then dH(Xg w ) = —9w(Xh) > and dH(Xg w ) = 
—9w{Xh) > when H > 0. The derivative with respect to r% of 9w{Xh) 

is (-1 + ||) i/(r 4 ) - 3£V'(r 4 ) which is negative when u(n) > is small 
because v"{ri) S> ^'(r^) and Kj is negative. Hence d (dH(Xg w )) (Xg w ) = 
9w{Xq w (x h )) > 0- Hence H satisfies the Liouville vector field property. We 
will call H a Hamiltonian compatible with a compactification of A. 

Lemma 6.8. The Hamiltonian H is P bounded for some polynomial of 
degree at least d where 

d = n — min(-dim^{Si\Sj / 0}). 



Proof, of Lemma 6.8 The basic idea here is that the orbits of XH form 
manifolds with corners coming from the divisors. The number of such man- 
ifolds is bounded above by some constant times X d and the number of such 
manifolds up to diffeomorphism is finite. We use a Morse function on each of 
these manifolds with corners to perturb them into non-degenerate orbits and 
this gives us our bound. From now on we will assume that W is connected. 
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We write USi for D^iUSi. The Hamiltonian flow of XH in the region 
USi \ UjcjU Sj fixes the fibers Yl ieI De and for each i G I it rotates the i'th 

fiber in this product by an angle of — X^v'^i). Hence the fixed points of 
the time-A flow H form manifolds with corners. These are diffeomorphic to 
Hi^jUSi minus the union of the interiors of USi for all i ^ I. There is also 
one such connected manifold of co-dimension which is diffeomorphic to W 
minus the union of the interiors of USi for all i. Let r be a constant greater 
than the supremum of — — This is bounded because v'(t) is a multiple 
of t near 0. There are at most [tA/27tJ m ( 7 ^ J ) such manifolds of codimension 
m for 1 < m < d and such manifolds for m > d. Also there are at most 
Sm=o CnT) diffeomorphism types of such manifolds. 

Let h : M — > M be a function such that h restricted to HjS^ is Morse for 
any i± < i<i < ■ ■ ■ < ij. We also assume it has the following properties: 

(1) ft, is a C°° small perturbation of H. 

(2) On a small neighbourhood of the closure of v(ri) > 0, we have that 
h = v{ri{l — 8hj) for some small 5h > 0. 

We now perturb XH as follows: Consider a manifold Y of fixed points of the 
Hamiltonian flow of XH in the region where there is an i\ < 12 < ■ ■ ■ < i\ 
such that u'(rk) / if and only if k = ij for some j. This manifold is 
contained in the region DjUSij. Let Ny be a small neighbourhood of Y such 
that the only fixed points of XH inside Ny are ones in Y. The manifold is 
of co-dimension I and is a co-dimension submanifold with corners inside 
the closed manifold Y := n^ =1 {rj j = Sj} for some s\, ■ ■ ■ ,si G R. In fact 

Y = Y n rifc^vjW^) = 0}- Let p : Ny — > R be a bump function which is 
outside some compact set in W and 1 near Y. Let 

h := h\s n ,.., H oTT il o...o 7 r ij . 

We perturb XH to 

H := XH + Syph. 

For Sy sufficiently small, there are no fixed points in the region where the 
derivative on p is non-zero by a compactness argument. The point is that 
if there were such orbits for Sy small, then there would a sequence of <5y's 
converging to zero with a fixed point in the region where dp 7^ 0. But this 
would imply by compactness that XH would also have such an orbit which 
is a contradiction. There are no 1-periodic orbits of H near the boundary 
of Y for the following reason: We have that Y is a manifold with corners. 
Near a codimension k > 1 corner of Y, 

H = u{r h ) + ■■■ + u{r k ) + u{r h ) + ■■■ + u{r jk ) 

for some j\ ■ ■ ■ jk not equal to any of i\, ■ ■ ■ i^- Hence in this region H is 
equal to 

v( r h) + ■■■ + + v ( r h) + ■■■ + vi r h) + 

6 Y (v(r h -<$*) + ■■■ + v{r k - 5 h ) + u(r h (l - S h )) + ■■■ + u(r jk (l - 5 h ))). 
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Let J := {ii, • • • ,ii,ji, • • • jk}- Near this codimension k corner, the Hamil- 
tonian H preserves the fibers f| - e<7 D e of: 

""ii °--- 07r jfc 07r n 0---OTT ir 
These Hamiltonians also split up as a sum: 

on this fiber []^jD e . Near the boundary of the closure of v(rj) > 0, 
v{r j) + 5y {v{r j(l — 5h))) has no 1-periodic orbits for 5y, Sh sufficiently small. 
Hence H has no 1-periodic orbits near this codimension k corner of Y. This 
implies that H has no 1-periodic orbits on a small neighbourhood of dY . 

Hence all the fixed points of H are contained in the region where v{rk) = 
for all such k satisfying k / ijVj- In this region, we have that the Hamilto- 
nians h and XH Poisson commute because the Hamiltonian vector field of h 
is contained in the horizontal plane distribution of the fibration ir^ o • • • o 7Tj ; 
which is contained in the level set of XH. Let p £ Y be a fixed point of 
H. The symplectic tangent bundle splits into R 21 © R 2n ~ 21 . Here R 21 is 
the tangent space of the fiber of 7Tj 1 o ■ ■ ■ o and M 2 "-- 21 [ s the symplectic 
complement (this is the Horizontal plane bundle coming from the natural 
connection on this fibration). The linearized return map restricted to R 21 
is the same as the linearized return map of the Hamiltonian X^=i u i r ij) 
restricted one of the fibers of tt^ o ■ ■ ■ o . Because this fiber is symplecto- 
morphic to a product of disks, we get that the flow is equal to the flow of 
Y?j=i u (Rj) on O^e)' where Rj is the j'th radial coordinate on D e . Because 
this Hamiltonian system splits as a product of autonomous non-degenerate 
Hamiltonians, we have that this Linearized return map has an I dimensional 
eigenspace with eigenvalue 1. This eigenspace is spanned by the Hamilton- 
ian vectors X v ^.^ j = 1, ■ ■ ■ , I at this point. The linearized return map of 

h when restricted to the symplectic complement R 2n-2/ is conjugate to the 
linearized return map of the Hamiltonian Syhl^Si. inside HjS^. Because 
this is a C 2 small Morse function (for Sy > sufficiently small), this has no 
eigenvalue equal to 1 . This implies that the linearized return map at p of the 
autonomous Hamiltonian H has a 21 dimensional eigenspace with eigenvalue 
1 which is spanned by the Hamiltonian vectors X V ^ R .^ at p. Also the number 
of critical points created from the manifold Y of fixed points is at most the 
number of critical points of h\n 5. . . If we perturb all such manifolds of fixed 
points of XH we get an non-degenerate autonomous Hamiltonian with at 
most CX d (S 1 ) 1 families of fixed points where C is some constant greater 
than the sum over all strata HjS^ of the number of critical points of ^1^5,. 
multiplied by 2ir.2 nw . We will also perturb the fixed points where XH = 
so that it becomes non-degenerate in this region. Let Mh be the number of 
such fixed points (such a number can be independent of A). 
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Finally using work from [CFHW96], we perturb each (S 1 ) 1 family of orbits 
away from the divisors UiSi into 2 l orbits creating a Hamiltonian g : S 1 x 
W — > M. where all of its orbits are non-degenerate. Really [CFHW96] deals 
with S 1 families of periodic orbits and not (S 1 ) 1 families, but because our 
Hamlitonian H restricted to each fiber M 21 splits up as a sum ■ v(Rj) we 
can perturb v{Rj) first (if we view such a function as a function on one of 
the M 2 factors of M. 21 ). Hence the number of orbits of g is bounded above 
by 2 dimaA CA a! + M H . This implies that H is P bounded where P is the 
polynomial 2C\ d . □ 



Proof, of Theorem 6.3 From the discussion before Lemma 6.8 we can find 
a Hamiltonian H which is compatible with a compactification of A. We can 
choose an appropriate compactification M of A so that the constant d in 



Lemma 6.8 is equal to tjia- Hence by this lemma we have that H satisfies 
the Liouville vector field property and is P bounded where P is a polynomial 
of degree at most uia- 

Because A, B are convex deformation equivalent at infinity, by Lemma 
16.71 we have that B also admits a Hamiltonian H' that satisfies the Liouville 
vector field property and is P bounded. By Lemma |6.6| we then have that 
(SH*(B,9b)) is isomorphic to a filtered directed system (V\) where \ V\\ < 
-P(A). This proves the Theorem. □ 

7. Finite covers of smooth affine varieties 



In this section we will prove Theorem 1.5 We will prove the following 



which has Theorem 1.5 as a direct corollary: 



Theorem 7.1. Suppose that a finite type convex symplectic manifold B 
and a finite cover A of a smooth affine variety A are convex deformation 
equivalent at infinity. Then filtered directed system (SH*(B,9b,X)) is iso- 
morphic to a filtered directed system (V x ) where the dimension \V X \ satisfies 
\V X \ < Q{x) for some polynomial Q. The degree of this polynomial is less 
than or equal to ttia where tjia is defined in the introduction. 



Proof, of Theorem |7.1| By looking at the proof of Theorem 6.3 we see that 
A admits a Hamiltonian H which satisfies the Liouville vector field property 
and which is P bounded for some polynomial P of degree tjia- 

Let p : A -» A be the covering of degree k. We can pull back this Hamil- 
tonian H to H. This also satisfies the Liouville vector field property and 
is also kP bounded. It satisfies the Liouville vector field property because 
we can lift any Liouville vector field on A to a Liouville vector field on A. 
It is kP bounded for the following reason: If H' is any Hamiltonian and 
H' its lift to A then any orbit of H' projects down to an orbit of H' . This 
orbit is non-degenerate if and only if the projected orbit is non-degenerate. 
There are at most k orbits of H' that project to a given orbit of H. Hence 
the number of non-degenerate orbits of H' is bounded above by k times the 
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number of non-degenerate orbits of H 1 . Also the action of this orbit is equal 
to the action of the projected orbit. 

Hence by Lemma |6.7j B admits a Hamiltonian which is kP bounded. 



Hence by Lemma 6.6 we get that (SH*(B,6b,\)) is isomorphic to (V x ) 
where the dimension IV^I satisfies \ V X \ < kP(x). Hence we have proven this 
theorem where Q = kP. □ 

8. Appendix A: convex symplectic manifolds 

Recall that a convex symplectic manifold is a manifold M together with 
a 1-form 9 

(1) uj := d9 is a symplectic form. 

(2) The w-dual Xq of 6 is a vector field satisfying dfM(Xg) > in the 
region /^(Am) where Am C M. is an unbounded subset and fu ■ 
M — > M an exhausting function. 

Exhausting means that f\j is bounded from below and the preimage of every 
compact set is compact. 

We now need to describe various ways of deforming (M, 9). The first kind 
of deformation is the most restrictive: Two convex symplectic manifolds 
(M,9),(M' ,9') are strongly deformation equivalent if there is a diffeomor- 
phism <j) : M — >■ M' , an exhausting function g : M — > M. and a smooth family 
of 1-forms 9 t (t G [0, 1]) on M such that: 

(1) ojt '■= d9t is symplectic. 

(2) If Xg t is the wj-dual of 9t then dg(Xg t ) > on <7 _1 (^4 5 ) where A g C 
[0, oo) is unbounded. 

(3) 9 = 9 and 8 X = <p*8'. 

Two convex symplectic manifolds (M,8),(M r ,8') are convex deformation 
equivalent if there is a finite sequence (Mi, 9±), ■ ■ ■ , (Mk,9k) such that 

(Mi, 0i ) = (M, 9), (M fe , 9 k ) = (M', 9') 

and such that for each i < k, (Mi,9i) is strongly deformation equivalent to 
(M i+1 ,9 i+1 ). 

An important class of convex symplectic manifolds are the complete ones. 
A complete convex symplectic manifold is a convex symplectic manifold such 
that the associated Liouville vector field V (the cj-dual of 9) is integrable 
for all time. A (strong) convex deformation (M, 0t) is called complete if the 
associated Liouville vector fields Xg t are integrable. 

Lemma 8.1. Let (M,9) be a convex symplectic manifold and let K C M 
be any compact set. There exists a smooth family of 1-forms 9t,(t G [0, 1]) 
on M such that: 

(1) #o = 

(2) ut := dOt is a symplectic form. 

(3) If Xg t is the ut-dual of 9t, then there is a smooth family of functions 
ft : M -»• R such that X Bt = f t X 6o and < f t < 2. 
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(4) The vector field Xg l is integrable. 

(5) e t \ K = e \ K . 

Proof, of Lemma |8.1| Let Xg be the d#-dual of 6. Let A C [0, oo) be an 
unbounded subset and / an exhausting function such that df(Xg) > on 
f^ 1 (A). Note that each a S A is a regular value of / because df(Xg) > 
on f~ 1 (a) which implies in particular that d/ / on f~ 1 (a). Because 
/ is smooth, there exists a sequence c\ < C2,--- tending to infinity such 
that a is in A and Xg is transverse to / _1 (cj) and pointing outwards. We 
choose Cj large enough so that / (— oo,Cj) contains K. By flowing along 
Xg there is a neighbourhood of the manifold Cj := / _1 (c.j) diffeomorphic to 
[1 — £j, 1 + 6j] x Ci with = rjaj where n parameterizes the interval and 
a i = 0|cV Again we make these neighborhoods small enough so that they 
are disjoint from K. Let Hj be this neighbourhood and let N be the union 
of all these neighborhoods. We can make these neighborhoods small enough 
so that they are disjoint and also so that 6{ < \. 

We will now construct 0t- Let gi : [1 — e^, 1 + e^] — > K be smooth functions 
such that: 

(1) g[ > 0. 

(2) In the region [1 — e,, 1 — 2ej/3], we have <?j(rj) = rj. 

(3) In the region [1 — £j/2, 1 + ej/2] we have < £j. 

(4) < 1 or equivalently log^)' > 1. 

(5) In the region [1 + 2ej/3, 1 + e«] we have gi{ri) = K^i where K{ > 1 is 
some large constant. 

We define <7*(rj) := (1 — t)r; L + tgi(ri). We define Co := — oo. Let Hj := 
Il}=i K « for i > 1 and Hi := 1. In the region /~ (cj_i,Cj) \ 3ST, we define 
0t := ((1 — i) +tSj)0. In the region Nj we define ^ as ((1 — t) +tHj)g*(rj)ai. 
This definition ensures that 0i (t G [0, 1]) is a smooth family of 1-forms. 

Outside Xj, we have that 9t is equal to some locally constant function 
multiplied by 9, hence dOt is still symplectic. In the region Nj, we have that 
dOt = ((1 — t) + fSi) ((g^jdri Aa, + ridotj). This is symplectic because ctj 
is a contact form and g| > 0. Hence d9t is symplectic for all t. Outside 
DSfi we have that the w t -dual X# t of ^ is equal to V because rescaling 9 
by a locally constant function does not change the associated dual vector 
field. Inside Nj we have that = gj/gj'^ which is equal to V = ViJ^ 
multiplied by some positive function f t . Because gi/g[ < e% in the region 
[1 — ej/2, 1 + ej/2], if we flow any point p in the region where T{ = 1 — e.;/2 
along the vector field Xg 1 for time 1 to a point q, then g is still contained in 
[1 — ej/2, 1 + ej/2] x Cj. This ensures that the vector field Xg 1 is complete 
and hence (M,6\) is complete. We also have that ft < 2 because ft = l 

outside X and is equal to -^7— < < 2 inside Nj. Finally we have that 

9q = 9 by definition and 9t\x = 9o\k because DM is disjoint from K. □ 
We also have a 1-parameter version of this Lemma as follows (with almost 
exactly the same proof): Suppose (M,9 S ) (s E [0, 1]) is a smooth family of 
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convex symplectic manifolds such that we have a function / : M — )■ R and 
an unbounded A C [0, oo) with df(Xg s > on f~ 1 (A) where Xg s is the d6 s - 
dual of 6 S . Then there is a two parameter family of 1-forms s ,t (s, t) £ [0, l] 2 
satisfying: 

(1) 9s,o = 9 S 

(2) cjgj := dO s ,t is a symplectic form. 

(3) If Xg at is the w Si t-dual of 9 s> t, then there is a smooth family of 
functions f Sjt such that X dat = f s ,tXg a0 and < f 8jt < 2. 

(4) The vector field Xg s 1 is integrable for each s G [0, 1]. 

Corollary 8.2. Every convex symplectic manifold is strongly deformation 
equivalent to a complete convex symplectic manifold. 

Proof. Let fu , Xg be the associated function and Liouville vector field of 
M. There is an unbounded A C [0, oo) such that dfM{Xg) > in f^ 1 (A). 
Let (M, Of) be the family of convex symplectic manifolds described in the 
Lemma |8.1| above. If Xg t is the associated Liouville vector field of (M, 9t) 
then because Xg t = ftXg for some smooth family of functions ft > 0, we 
have that dfM(Xe t ) > in f~ 1 (A). Hence we have that (M, 9t) is our strong 
convex deformation. □ 

Corollary 8.3. Let fM,Xg be the associated function and Liouville vector 
field of M. Suppose M is of finite type which means that dfM(Xg) > 
in the region / -1 [C, oo), then M is convex deformation equivalent to the 
completion of the Liouville domain oo,C]. 



Proof. Let (M,6t) be the family of 1-forms as in Lemma 8.1 and let Xg t = 
ftXg be the associated family of Liouville vector fields. Then df]^(Xg 1 ) > 
in the region f^[C, oo). Let D := oo,C] and let a = 0i\qz>.. By 

flowing the contact manifold (dD, a) along Xg x (which is integrable) we 
obtain a diffeomorphism 4> from dD x [1, oo) to f^[C, oo) such that <j)*9x = 



ra where r parameterizes [1, oo). Also by the previous corollary 8.2 we have 
that (M,8) is convex deformation equivalent to (M,6\). Hence (M, 6?i) is 
convex deformation equivalent to the completion (D,6i). □ 
Suppose we have a convex deformation equivalence (M, 9t). We say that 
this is a complete convex deformation equivalence if the d9t-du&l Xg t of 0% is 
an integrable vector field for each t 6 [0, 1]. 

Lemma 8.4. Let (M,6), [M' ,9') be complete convex symplectic manifolds 
that are convex deformation equivalent. Then there is a complete convex 
deformation equivalence between (M,9) and (M',6'). 

We need a preliminary Lemma first: 

Lemma 8.5. Suppose (M, 9), (M', 0') are compete convex symplectic man- 
ifolds that are strongly deformation equivalent. Then there is a complete 
strong deformation equivalence between them. 
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Proof, of Lemma 8.5 Let (M, 9 S ) be the strong deformation equivalence. 
Let Xq s be the associated Liouville vector fields and let / : M — > R and 
Ac. [0,oo) (unbounded) be such that df(Xg s ) > on f~ 1 {A). By Lemma 



8.1 there is a two parameter family of 1-forms 9 s> t((s,t) € [0, l] 2 ) such that: 

(1) 9s,o = &s 

(2) ojgf := d6 S) t is a symplectic form. 

(3) If Xg st is the u^-dual of 9 s j, then there is a smooth family of 
functions f Sft such that X da t = f s ,tXg sfi and < / S)t < 2. 

(4) The vector field Xq s 1 is integrable for each s G [0, 1]. 

Let p : [0,1] — > [0, l] 2 be a smooth path starting at (0,0) and ending at 
(1, 0) whose image is equal to {0} x [0, 1] U [0, 1] x {1} U {1} x [0, 1]. Then 
(M,6 p ( t \) is our complete strong convex deformation. This is because Xg s 
(resp. Xg al ) is integrable because it is equal to fs$Xe Q0 (resp. f s> iX$ 01 ) 
with < f s ,t < 2 for all s,t. This is also because fit is integrable for all t. 
This completes the Lemma. □ 

Proof, of Lemma [8 .4| Let (M, 9 S ) be the convex deformation between (M, 0) 
and (M',9'). This means that we break up (M,9 S ) into a finite number of 
strong deformations (M, 0]), • • • , (M, 6^). Let V s 4 be the associated Liouville 
vector fields. For a given strong deformation (M, 0\) there is an unbounded 
set Ai C [0,oo) and a function <?j : M — > R such that <7i (V^) > in g^ 1 (A). 



By the parameterized version of Lemma 8.1 we can replace 9\ with 9\ t such 
that: 

(1) G s p = 01 

(2) wl t := cf6>* t is a symplectic form. 

(3) If Vg t is the t -dual of 4 , then there is a smooth family of func- 
tions fi >t such that V* >t = /j )t V* and < fl,t < 2- 

(4) The vector field is integrable for each s G [0, 1]. 

We now replace the deformation (M,Q\) by the concatenation (M, 9'\) of 
the homotopies: (M,9qA and (M, This is still a strong deforma- 

tion because gi(V} t ) > in the region ^J~ 1 ( J 4i). For 1 < i < k we re- 
place (M,9l) with the concatenation (M,9'i) of: (M, 6^^), (M,9 l o t ) and 
(M, x ) . This again is a strong deformation using the function gi and un- 
bounded set Ai C [0,oo). The reason why gi(V^^ t ) > in g^ 1 (Ai) is 
because Vl\\ t ) is f{~i_ t Vt where /^-t > 0- Finally we replace the de- 
formation (M,0j) with the concatenation (M,6' k s ) of (M,0^i t ) 3 (M,6$ t ), 
(M,9^) and {M,9\ 

i-t)- Hence we have a new convex deformation equiva- 
lence (M, 9'1 ), • • • , (M, ) with the property that 9 n , 9'\ is complete for all 
i. By Lemma [8. 5[ we can replace this with a new convex deformation equiv- 
alence: (M, 9" t ), • • • , (M, ) with the property that 9"\ is complete for all 
1 < i < k, t £ [0, 1]. This is a complete convex deformation equivalence. □ 
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Corollary 8.6. Suppose that (M,9),(M,9') are complete convex symplec- 
tic manifolds that are convex deformation equivalent. Then they are exact 
symplectomorphic to each other. 



Proof, of 8.6 By Lemma [874] there is a complete convex deformation equiv- 
alence between (M, 9) and {M,9'). Hence by [CE, Proposition 12.2] wc get 
that they are exact symplectomorphic. □ 
We also need another lemma similar to corollary |8.6| except that we will 
be dealing with convex deformation equivalence at infinity as in definition 



Lemma 8.7. Suppose that (W,9\y), {W ,9y/') are complete finite type con- 
vex symplectic manifolds that are convex deformation equivalent at infinity. 
Then they are exact symplectomorphic at infinity. 



Proof, of Lemma 8.7 By the definition of convex deformation equivalent 
at infinity, we have a sequence of convex symplectic manifolds: (Qi, 9qA for 
i = 1, • • • k such that: 

(1) Q\ is convex deformation equivalent to W\. 

(2) Qk is convex deformation equivalent to Wi. 

(3) Qi is convex deformation equivalent to Qi+i or they are exact sym- 
plectomorphic at infinity. 

First of all (by using the fact that the identity map is an exact symplecto- 
morphism and also a convex deformation equivalence), we can assume that 
k is even and that for odd i, that Qi, Qi+i are convex deformation equivalent 
and for even i that Qi,Qi+i are exact symplectomorphic at infinity. 

Suppose we have two convex symplectic manifolds (A,9a), (B,9b) that 
are exact symplectomorphic at infinity. We wish to find two complete convex 
symplectic manifolds A and B that are exact symplectomorphic at infinity 
and such that A is convex deformation equivalent to A and B is convex 
deformation equivalent to B. Let <f> : A \ Ka — > B \ Kb be the exact 
symplectomorphism at infinity where Ka,Kb are relatively compact sets. 
By possibly enlarging Ka a little bit, we can ensure that there is a function 
/ : A — > K such that (/)*9b = 9a + df ■ Let N be a small neighbourhood of 



the closure of Ka- By Lemma 8.1 there is a family of 1-forms 9 S A such that 

(1) d9 A is symplectic. 

(2) 9 A + df = 9% 

(4) 9 l A is complete. 

(5) The d9 A -dual Xg° A of 9 S A satisfies Xq» a = gX e o A for some positive 
function g. 

We can also define 9 S B to be equal to 9b near Kb and equal to 4>*(9 S A ) outside 
K B . 

These are all convex symplectic manifolds because their Liouville vector 
fields are all of the form g s XQ A+ ^ (resp. g s Xg B ) for some family of functions 
g s and the same reason ensures that this is a convex deformation. Also by 
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[McL09l Lemma 8.3], we have that (A, 9 a) is convex deformation equivalent 
to (A, 9a + df). This means that (A, 9a) (resp. (B,9b)) is convex defor- 
mation equivalent to the complete convex symplectic manifold A := (A, 9\) 
(resp. B := (B,9 B )). Also A,B are exact symplectomorphic at infinity. 

The previous discussion ensures (by changing the convex deformation 
equivalences from Qi to Qi+i) that we can assume that the convex symplec- 
tic manifolds Qi are all complete convex symplectic manifolds. Note we can 
also assume that Q\ and Qk are complete because W and W are complete. 



By Corollary 8.6 this implies that for all odd i, Qi is exact symplectomor- 
phic to Qi+i and hence in particular they are exact symplectomorphic at 
infinity. Because the property of being exact symplectomorphic at infinity is 
transitive, we have that W, W are exact symplectomorphic at infinity. This 
proves the Lemma. □ 

9. Appendix B: A Maximum Principle 

Let N he a, manifold and 9 a 1-form on N so that 

(1) uj := d9 is a symplectic form. 

(2) The u>-dual Xq of 9 is transverse to the boundary of N and pointing 
inwards. 

Let S be a compact Riemann surface with boundary and complex structure 
j and 7 a 1-form on S. Let ff:SxJV->lbea family of Hamiltonians 
parameterized by S. We sometimes write this as a family of functions H a : 
N — > M parameterized by a G S. Let J a be a family u compatible almost 
complex structures parameterized by a G S. A small neighbourhood of dN 
is diffeomorphic to dN x [1, 1 + ejv) where 9 = ra. Here r parameterizes 
the interval [1, 1 + e^v) and a = 9\dN- We require that 9 o J a = dr and that 
H<j = f(r) for some function / with /(l) = 1 and f'(l) = 1 near dN. The 
differential dH uniquely splits up as d$H + d^H where vectors tangent to 
N are contained in the kernel of d$H and vectors tangent to S are in the 
kernel of d^H. We can view dsH as a family of 1-forms on S parameterized 
by N, so for each p G N we define dsHr. p \ to be dsH restricted to S x {p}. 
We require that dsHr. p \ A 7 + H(-,p)d( , y) > for each p G N. 

Let u : S — )• N satisfy: (du — Xu a <8> 7) = at each point a G S. In 
other words: 

(3) du - X H<y ®-f + J a o(du- X Ha ® 7) o j = 0. 

The aim of this section is to prove: 
Lemma 9.1. Ifu(dS) C dN then u(S) C dN. 

This lemma is similar to ASK). Lemma 7.2]. Before we prove Lemma 



9.1 we need to define the geometric energy and topological energy of u. The 



geometric energy is defined as: 

E^:= ! Wdu-X^®^ 
Js 
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where || • is the norm coming from the metric Lo(-,J a (-)) and some com- 
patible metric on (S,j). The topological energy is defined as: 



E to P ._ j u * U0 + d (^ u * Hal ), 
Js 



Here u*H a is the function sending a G S to H(a,u(a)). We define u*di\rH 
to be the 1-form on S such that for each vector V on S, (u*d]\[H)(V) = 
d N H(V,u*(V)). Similarly we define {v*d s H){V) to be (d s H)(V,u*(V)). 

Let a be a point on S and s + it a local holomorphic chart around a where 
d s , dt have magnitude 1 at (s, i) = (0, 0) and where a is the point (0, 0). We 
have: 

\\du - X Ha ® 7|| j ct = to(d s u - X Ha l{ds),d t u - X Htj j(d t )) 
= u*u(d s , d t ) - <y{d s )d N H(d t u) + ^(d t )d N H(d s u) 

= u*co(d s ,d t ) + (u*(d N H) A 7 )(d s ,d t ). 

Also djsfH(dtu) means that we consider dtu as a vector inside {a} x iV and 
then contract it with dH. The expression di\[H(d s u) has a similar meaning. 
Hence E geom (u) = j s u*u + j s u*d N H A 7 . We have that 

d{u*H a ~/) = u*d N H A 7 + ii*ds# A 7 + u*H a d~/. 

Hence we have: 

£geom (u) = £top (u) _ /" A 7 + U*H a dj) 

Js 

which implies that E geom (u) < E top (u). 



Proof, of Lemma 9.1 We suppose that u(dS) C ON. We just need to show 
that E seom (u) = as this will force our surface S to map to a Reeb orbit 
of dN. We have that E top (u) > E gcom (u), so we now need to show that 
E top (u) = 0. By Stokes' theorem we have: 

E top (u) = I u*9 + u*H al . 
JdS 

Because H a = f(r) with /'(l) = 1, we have that —Xn a is equal to the Reeb 
vector field on dN. Hence 9(Xh it ) = — 1 = — H a along dN as f(l) = 1. So 

E top (u)= [ 9o(du-X Ha ® 1 ) 
JdS 

= I 9 o J a o (du - X H<T ® 7) (-j) = / dro(du- X HtT ®j)o(-j). 
JdS JdS 

Because dr(Xn a ) = our integral becomes: 



E top (u) = - [ droduoj. 
JdS 
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If a vector V is tangent to dS and pointing in the direction in which dS 
is oriented then j(V) points inwards. This implies that dr o duo j(V) > 
because r increases as we move towards the interior of N. Hence 

£ top (u) < 0. 

Hence E seom (u) vanishes which gives us our result. □ 
Here are two applications of this lemma: Let M be a Liouville domain 
with 1-form 9m- Then its completion M has a cylindrical end dM x [1, oo) 
with cylindrical coordinate tm- We define K : M —> R to be an autonomous 
Hamiltonian on M which is equal fc(rj^) near dM where k' > 0. Let H S) t 
be a family of Hamiltonians parameterized by (s, t) € 1 x 5 1 so that H s j = 
K + a s near dM where a s is a smooth family of constants. We require 
that ^ > We define J Sj j to be a smooth family of almost complex 

structures which are cylindrical near dM. 

Corollary 9.2. Suppose that u\ : M x S 1 — > M satisfies the perturbed 
Cauchy-Riemann equations: 

d s ui + J S)t d t ui = J s<t X Hst 

and that ui(s,t) G M /or |s| > 1. T/ien m(s,i) G M /or a// (s,t) elxS 1 . 



Proof, of Corollary 9.2 Let 5 be equal to u 1 1 (dM x [l,oo)). We perturb 



dM slightly so that S is a codimension submanifold with boundary. We 
define Hi := ^'ffi)""' + 1- We let 7 = k'(l)dt and so (d s Hi) { ., p) A 7 + 
(i?i)(. )P )d7 > 0. We have that iti satisfies the perturbed Cauchy Riemann 
equations with respect to Hi and J s> t- We also have that Hi is equal to 
h{ru) = ^fc^ir^ + 1 near 3M and so h(l) = h'(l) = 1. By using Lemma 



9.1 with N = dM x [1, 00) we have that ui(S) must be contained inside 
dM. Hence the image of ui is contained in M. □ 

Corollary 9.3. Let g : R — > M 6e a function satisfying g'(s) > 0. Suppose 
in addition that H > k(l) — k' (1) + o s inside dMx [1, 00) , i/ien any solution: 
u 2 :Rx S 1 -^M of 

d s U2 + Js,tdtU2 = J s ,tXg^ Hst 
with 1*2(2, £) G M /or |s| 3> 1 /ias image contained in M . 

Proof, of 



9.3 



Again we define Hi := H ~ff 1 ) ~ Qs + 1. We let 7 = k'{l)g(s)dt. 



8Hi 



Because Hi, > 0, we have (dsHi)^ A 7 + (Hi)(.^dy > 0. We then 



apply Lemma 9.1 to give us our result. □ 
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